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Abstract
For an integer ` > 2, the `-component connectivity of a graph G, denoted by κ`(G), is
the minimum number of vertices whose removal from G results in a disconnected graph with
at least ` components or a graph with fewer than ` vertices. This is a natural generalization
of the classical connectivity of graphs defined in term of the minimum vertex-cut and is a
good measure of robustness for the graph corresponding to a network. So far, the exact
values of `-connectivity are known only for a few classes of networks and small `’s. It has
been pointed out in [Component connectivity of the hypercubes, Int. J. Comput. Math. 89
(2012) 137–145] that determining `-connectivity is still unsolved for most interconnection
networks, such as alternating group graphs and star graphs. In this paper, by exploring
the combinatorial properties and fault-tolerance of the alternating group graphs AGn and a
variation of the star graphs called split-stars S2n, we study their `-component connectivities.
We obtain the following results: (i) κ3(AGn) = 4n−10 and κ4(AGn) = 6n−16 for n > 4, and
κ5(AGn) = 8n−24 for n > 5; (ii) κ3(S2n) = 4n−8, κ4(S2n) = 6n−14, and κ5(S2n) = 8n−20
for n > 4.
Keyword: Interconnection networks, Component connectivity, Generalized connectivity,
Alternating group graphs, Split-stars
1 Introduction
An interconnection network is usually modeled as a connected graph G = (V,E), where the
vertex set V (= V (G)) represents the set of processors and the edge set E(= E(G)) represents
the set of communication channels between processors. For a subset S ⊆ V (G), the graph
obtained from G by removing all vertices of S is denoted by G − S. In particular, S is called
a vertex-cut of G if G − S is disconnected. The connectivity of a graph G, denoted by κ(G),
is the cardinality of a minimum vertex-cut of G, or is defined to be |V (G)| − 1 when G is a
complete graph. For making a more thorough study on the connectivity of a graph to assess the
vulnerability of its corresponding network, a concept of generalization was first introduced by
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†This work was partially supported by the National Natural Science Foundation of China (No. 11731002) and
the 111 Project of China (B16002).
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Chartrand et al. [7]. For an integer ` > 2, the generalized `-connectivity of a graph G, denoted
by κ`(G), is the minimum number of vertices whose removal from G results in a graph with at
least ` components or a graph with fewer than ` vertices. For such a generalization, a synonym
was also called the general connectivity [33] or `-component connectivity [27]. Since there exist
diverse definitions of generalized connectivity in the literature (e.g., see [23, 24]), hereafter we
follow the use of the terminology “`-component connectivity” (or `-connectivity for short) to
avoid confusion.
The `-connectivity is concerned with the relevance of the cardinality of a minimum vertex-
cut and the number of components caused by the vertex-cut. Accordingly, finding `-connectivity
for certain interconnection networks is a good measure of robustness for such networks. So far,
the exact values of `-connectivity are known only for a few classes of networks and small `’s.
For example, `-connectivity is determined on hypercube Qn for ` ∈ [2, n + 1] (see [27]) and
` ∈ [n+ 2, 2n− 4] (see [42]), folded hypercube FQn for ` ∈ [2, n+ 2] (see [41]), dual cube Dn for
` ∈ [2, n] (see [40]), hierarchical cubic network HCN(n) for ` ∈ [2, n + 1] (see [17]), complete
cubic network CCN(n) for ` ∈ [2, n + 1] (see [18]), and generalized exchanged hypercube
GEH(s, t) for 1 6 s 6 t and ` ∈ [2, s + 1] (see [19]). Note that the number of vertices of
graphs in the above classes is an exponent related to n. Also, it has been pointed out in [27]
that determining `-connectivity is still unsolved for most interconnection networks such as star
graphs Sn and alternating group graphs AGn. The closest results for the two classes of graph
were given in [15,16], but these are asymptotic results. Recently, Chang et al. [3,4] determined
the `-connectivity of alternating group networks ANn for ` = 3, 4. Note that the two classes of
AGn and ANn are definitely different.
In this paper, we study `-connectivity of the n-dimensional alternating group graph AGn
and the n-dimensional split-stars S2n (defined later in Section 2), which were introduced by Jwo
et al. [28] and Cheng et al. [14], respectively, for serving as interconnection network topologies
of computing systems. The two families of graphs have received much attention because they
have many nice properties such as vertex-transitive, strongly hierarchical, maximally connected
(i.e., the connectivity is equal to its regularity), and with a small diameter and average dis-
tance. In particular, Cheng et al. [12] showed that alternating group graphs and split-stars
are superior to the n-cubes and star graphs under the comparison using an advanced vulner-
ability measure called toughness, which was defined in [20]. For the two families of graphs,
many researchers were attracted to study fault tolerant routing [10], fault tolerant embed-
ding [5, 6, 37], matching preclusion [2, 9], restricted connectivity [13, 22, 30, 31, 39] and diagnos-
ability [8, 22, 25, 29–31, 36]. Moreover, alternating group graphs are also edge-transitive and
possess stronger and rich properties on Hamiltonicity (e.g., it has been shown to be not only
pancyclic and Hamiltonian-connected [28] but also panconnected [6], panpositionable [35] and
mutually independent Hamiltonian [34]). The following structural property disclosed by Cheng
et al. [16] is of particular interest and closely related to `-component connectivity. They showed
that even though linearly many faulty vertices are removed in AGn, the rest of the graph has
still a large connected component that contains almost all the surviving vertices. Therefore,
this component can be used to perform original network operations without degrading most of
its capability. For more further investigations on alternating group graphs and split-stars, see
also [11,38,44].
In this paper, we determine `-component connectivity for ` ∈ {3, 4, 5} of the n-dimensional
alternating group graph and n-dimensional split-star as follows.
Theorem 1. κ3(AGn) = 4n− 10 and κ4(AGn) = 6n− 16 for n > 4, and κ5(AGn) = 8n− 24
for n > 5.
Theorem 2. κ3(S
2
n) = 4n− 8, κ4(S2n) = 6n− 14, and κ5(S2n) = 8n− 20 for n > 4.
2
2 Preliminaries
For n > 3, let Zn = {1, 2, . . . , n} and p = p1p2 · · · pn be a permutation of elements of Zn, where
pi ∈ Zn is the symbol at the position i in the permutation. Two symbols pi and pj are said to be
a pair of inversion of p if pi < pj and i > j. A permutation is an even permutation provided it
has an even number of inversions. Let Sn (resp., An) denote the set of all permutations (resp.,
even permutations) over Zn. An operation acting on a permutation that swaps symbols at
positions i and j and leaves all other symbols undisturbed is denoted by gij . The composition
gijgk` means that the operation is taken by swapping symbols at positions i and j, and then
swapping symbols at positions k and `. For 3 6 i 6 n, we further define two operations, g+i
and g−i on An by setting g+i = g2ig12 and g−i = g1ig12. Accordingly, pg+i (resp., pg−i ) is the
permutation obtained from p by rotating symbols at positions 1, 2 and i from left to right (resp.,
from right to left). Taking A5 as an example, if p = 13425, then pg+4 = 21435 and pg−4 = 32415.
Recall that the Cayley graph Cay(X,Ω) on a finite group X with respect to a generating
set Ω of X is defined to have the vertex set X and the edge set {(p, pg) : p ∈ X, g ∈ Ω}. We
now formally give the definition of alternating group graphs and split-stars as follows.
Definition 1. (see [28]) The n-dimensional alternating group graph, denoted by AGn, is a
graph consisting of the vertex set V (AGn) = An and two vertices p, q ∈ An are adjacent
if and only if q ∈ {pg+i , pg−i } for some i = 3, 4, . . . , n. That is, AGn = Cay(An,Ω) with
Ω = {g+3 , g−3 , g+4 , g+4 , . . . , g+n , g−n }.
A path (resp., cycle) of length k is called a k-path (resp., k-cycle). Clearly, from the above
definition, AG3 is isomorphic to a 3-cycle. As a Cayley graph, AGn is vertex-transitive. Also,
it has been shown in [28] that AGn contains n!/2 vertices, n!(n − 2)/2 edges, and is an edge-
transitive and (2n−4)-regular graph with diameter b3n/2c−3. It is well known that every edge-
transitive graph is maximally connected, and hence κ(AGn) = 2n − 4. For n > 3 and i ∈ Zn,
let AGin be the subgraph of AGn induced by vertices with the rightmost symbol i. Like most
interconnection networks, AGn can be defined recursively by a hierarchical structure. Thus,
AGn is composed of n disjoint copies of AG
i
n for i ∈ Zn, and each AGin is isomorphic to AGn−1.
If a vertex u belongs to a subgraph AGin, we simply write u ∈ AGin instead of u ∈ V (AGin). An
edge joining vertices in different subgraphs is an external edge, and the two adjacent vertices are
called out-neighbors to each other. By contrast, an edge joining vertices in the same subgraph
is called an internal edges, and the two adjacent vertices are called in-neighbors to each other.
Clearly, every vertex of AGn has 2n−6 in-neighbors and two out-neighbors. For example, Fig. 1
depicts AG3 and AG4, where each part of shadows in AG4 indicates a subgraph isomorphic to
AG3.
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Fig. 1: (a) Alternating group graphs AG3 and AG4.
3
Cheng et al. [14] propose the Split-star networks as alternatives to the star graphs and
companion graphs with the alternating group graphs.
Definition 2. (see [14]) The n-dimensional split-star, denoted by S2n, is a graph consist-
ing of the vertex set V (S2n) = Sn and two vertices p, q ∈ Sn are adjacent if and only if
q = pg12 or q ∈ {pg+i , pg−i } for some i = 3, 4, . . . , n. That is, S2n = Cay(Sn,Ω) with Ω =
{g12, g+3 , g−3 , g+4 , g+4 , . . . , g+n , g−n }.
In the above definition, the edge generated by the operation g12 is called a 2-exchange
edge, and others are called 3-rotation edges. Let V in be the set of all vertices in S
2
n with the
rightmost symbol i, i.e., V in = {p : p = p1p2 · · · pn−1i, pj ∈ Zn \ {i} for 1 6 j 6 n − 1}.
Also, let S2:in denote the subgraph of S
2
n induced by V
i
n. Clearly, the set {V in : 1 6 i 6 n}
forms a partition of V (S2n) and S
2:i
n is isomorphic to S
2
n−1. It is similar to AGn that every
vertex v ∈ S2:in has two out-neighbors, which are joined to v by external edges. Let S2n,E
and S2n,O be subgraphs of S
2
n induced by the sets of even permutations and odd permutation,
respectively, in which the adjacency applied to each subgraph is precisely using the edge of
3-rotation. Clearly, S2n,E is the alternating group graph AGn, and S
2
n,O is isomorphic S
2
n,E via
a mapping φ(p1p2p3 · · · pn) = p2p1p3 · · · pn defined by 2-exchange. Accordingly, there are n!/2
edges between S2n,E and S
2
n,O, called matching edges. Fig. 2 depicts S
2
4 , where dashed lines
indicate matching edges.
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Fig. 2: Split-star S24 .
An independent set of a graph G is a subset S ⊆ V (G) such that any two vertices of S are
nonadjacent in G. For u ∈ V (G), we define NG(u) = {v ∈ V (G) : (u, v) ∈ E(G)}, i.e., the
set of neighbors of u. Moreover, for S ⊆ V (G), we define NG(S) = {v ∈ V (G) \ S : ∃ u ∈
S such that (u, v) ∈ E(G)}. When the graph G is clear from the context, the subscript in the
above notations are omitted. In what follows, we present some useful properties of AGn, which
will be adopted later.
2.1 Alternating group graphs and their properties
Lemma 2.1. (see [25]) For AGn with n > 4, the following properties hold:
(1) There are (n − 2)! external edges between any two distinct subgraphs AGin and AGjn for
i, j ∈ Zn and i 6= j.
(2) The two out-neighbors of every vertex of AGn are contained in different subgraphs.
4
(3) If u, v are two nonadjacent vertices of AGn, then |N(u) ∩N(v)| 6 2.
Lemma 2.2. (see [16]) Let F be a vertex-cut of AGn with |F | 6 4n− 11. If n > 5, then one of
the following conditions holds:
(1) AGn − F has two components, one of which is a singleton (i.e., a trivial component).
(2) AGn − F has two components, one of which is an edge, say (u, v). In particular, |F | =
|N({u, v})| = 4n− 11.
Also, if n = 4, the above description still holds except for the following two exceptions. In both
cases AG4 − F has two components, one of which is a 4-cycle and the other is either a 4-cycle
(if |F | = 4) or a 2-path (if |F | = 5).
For example, F = {1234, 2143, 3412, 4321} and F = {1234, 2143, 3412, 4321, 2314} are two
exceptions of AG4 − F described in Lemma 2.2, respectively (see Fig. 1). A graph is said to
be hyper-connected [25, 31] or tightly super-connected [1] if each minimum vertex-cut creates
exactly two components, one of which is a singleton. Since κ(AG4) = 4, the first exception
illustrates that AG4 is not hyper-connected. Here we point out a minor flaw in the literatures
(e.g., see Proposition 2.4 in [25] and Lemma 1 in [31]), which misrepresents that AG4 is hyper-
connected. As a matter of fact, AG4 is isomorphic to the line graph of Q3 (i.e., a 3-dimensional
hypercube), and the latter is contained in a list of vertex- and edge-transitive graphs without
hyper-connectivity characterized by Meng [32]. For n > 5, since κ(AGn) = 2n − 4 < 4n − 11,
by Lemma 2.2, AGn is hyper-connected.
The following results are extensions of Lemma 2.2.
Lemma 2.3. (see [15]) For n > 5, if F is a vertex-cut of AGn with |F | 6 6n− 20, then one of
the following conditions holds:
(1) AGn − F has two components, one of which is a singleton or an edge.
(2) AGn − F has three components, two of which are singletons.
Lemma 2.4. (see [25]) For n > 5, if F is a vertex-cut of AGn with |F | 6 6n− 19, then one of
the following conditions holds:
(1) AGn − F has two components, one of which is a singleton, an edge or a 2-path.
(2) AGn − F has three components, two of which are singletons.
Lemma 2.5. (see [31]) For n > 5, if F is a vertex-cut of AGn with |F | 6 8n− 29, then one of
the following conditions holds:
(1) AGn−F has two components, one of which is a singleton, an edge, a 2-path or a 3-cycle.
(2) AGn − F has three components, two of which are singletons or a singleton and an edge.
(3) AGn − F has four components, three of which are singletons.
Lemma 2.6. Let S be an independent set of AGn for n > 4. Then the following assertions
hold.
(1) If |S| = 3, then |N(S)| > 6n− 16.
(2) If |S| = 4, then |N(S)| > 8n− 24.
Proof. Since AGn is vertex-transitive, one may choose the identity permutation, denoted by
e, as a vertex in S. Since AGn is (2n− 4)-regular, if |S| = 3 (resp., |S| = 4) and there exists no
common neighbor between any two vertices of S, then |N(S)| = 3(2n− 4) = 6n− 12 > 6n− 16
(resp., |N(S)| = 4(2n− 4) = 8n− 16 > 8n− 24), as required. In what follows, we assume that
5
N(e) ∩N(S \ {e}) 6= ∅ and let N+ = {eg+i : i ∈ Zn \ {1, 2}} and N− = {eg−i : i ∈ Zn \ {1, 2}}.
Clearly, N(e) = N+∪N− and every vertex in N(e) has the symbol 1, 2 or n at the last position.
We further define
N++={(eg+i )g+j : i, j ∈ Zn\{1, 2} and i 6= j}, N+−={(eg+i )g−j : i, j ∈ Zn\{1, 2} and i 6= j},
N−+={(eg−i )g+j : i, j ∈ Zn\{1, 2} and i 6= j}, N−−={(eg−i )g−j : i, j ∈ Zn\{1, 2} and i 6= j}.
Since (eg+i )g
+
j = (eg
−
j )g
−
i , the two sets N
++ and N−− are identical. If x = (eg+i )g
+
j = (eg
−
j )g
−
i ,
then x has the symbol j at the first position and symbol i at the second position. In this case, we
have N(e) ∩N(x) = {eg+i , eg−j }, which meets the upper bound of Lemma 2.1(3) (see Fig. 3(a)
for an illustration).
Claim 1. For any two distinct vertices x, y ∈ N++, |N(x) ∩ N(y)| 6 1. Moreover, if z ∈
N(x) ∩N(y), then z ∈ N(e).
Proof of Claim 1. Let x = (eg+i )g
+
j and y = (eg
+
i′ )g
+
j′ . Consider the following situations: (i)
i = i′ and j 6= j′. In this case, if there exists a common neighbor, say z, of x and y, then
z = xg−j = ((eg
+
i )g
+
j )g
−
j = ((eg
+
i′ )g
+
j′)g
−
j′ = yg
−
j′ . Thus, z = eg
+
i ∈ N+ (see, e.g., x = 43215,
y = 53241 and z = 31245 in Fig. 3(a)); (ii) i 6= i′ and j = j′. In this case, if there exists a
common neighbor, say z, of x and y, then z = xg−i = ((eg
+
i )g
+
j )g
−
i = ((eg
+
i′ )g
+
j′)g
−
i′ = yg
−
i′ .
Thus, z = eg−j ∈ N− (see, e.g., x = 43215, y = 45312 and z = 24315 in Fig. 3(a)); (iii) i 6= i′
and j 6= j′. In this case, it is clear that N(x) ∩N(y) = ∅ (see, e.g., x = 43215 and y = 54321
in Fig. 3(a)). This settles Claim 1.
On the other hand, the two sets N+− and N−+ are not identical. Since every vertex in
N(e) has two neighbors in N+− ∪N−+ and no two vertices of N(e) share a common neighbor,
if x ∈ N+− ∪ N−+, then |N(e) ∩ N(x)| = 1. In fact, every vertex in N+− has the symbol 1
at the first position, and every vertex in N−+ has the symbol 2 at the second position. Thus,
both N+− and N−+ are independent sets. Since the two symbols 1 and 2 are fixed in the first
two positions for vertices in N+− and N−+ respectively, every vertex in N+− can be adjacent
to at most one vertex of N−+, and vice versa (see Fig. 3(b) for an illustration).
Claim 2. For any two distinct vertices x, y ∈ N+− or x, y ∈ N−+, |N(x) ∩N(y)| 6 1.
Proof of Claim 2. Without loss of generality, we consider x, y ∈ N+−. Let x = (eg+i )g−j and
y = (eg+i′ )g
−
j′ . Consider the following situations: (i) i = i
′ and j 6= j′. In this case, if there exists
a common neighbor, say z, of x and y, then z = xg+j = ((eg
+
i )g
−
j )g
+
j = ((eg
+
i′ )g
−
j′)g
+
j′ = yg
+
j′ .
Thus, z = eg+i ∈ N+ (see, e.g., x = 14235, y = 15243 and z = 31245 in Fig. 3(b)); (ii)
i 6= i′ and j = j′. In this case, if there exists a common neighbor, say z, of x and y, then
z = xg+i = ((eg
+
i )g
+
j )g
+
i = ((eg
+
i′ )g
+
j′)g
+
i′ = yg
+
i′ (see, e.g., x = 14235, y = 13425 and z = 21435
in Fig. 3(b)); (iii) i 6= i′ and j 6= j′. In this case, it is clear that N(x) ∩ N(y) = ∅ (see, e.g.,
x = 14235 and y = 15324 in Fig. 3(b)). This settles Claim 2.
Note that two vertices x ∈ N+− and y ∈ N−+ may have two common neighbors (see, e.g.,
x = 14235 ∈ N+− and y = 32415 ∈ N−+ in Fig. 3(b). Then N(x) ∩N(y) = {43215, 21435}).
Claim 3. If x ∈ N+− ∪N−+ and y ∈ N++, either x and y are adjacent or |N(x)∩N(y)| 6 1.
Proof of Claim 3. Without loss of generality, we consider x ∈ N+−. Let x = (eg+i )g−j and
y = (eg+i′ )g
+
j′ . Consider the following situations: (i) i = i
′ and j = j′. In this case, we have
y = (eg+i′ )g
+
j′ = ((eg
+
i )g
−
j )g
−
j = xg
−
j , and thus x and y are adjacent. (ii) i = i
′ and j 6= j′. In
this case, if there exists a common neighbor, say z, of x and y, then z = xg+j = ((eg
+
i )g
−
j )g
+
j =
6
31245
e =12345
41325
51342
23145
24315
25341
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<latexit sha1_base64="9Y jCXfHKhEzGg5kAhrVXGjTnWDs=">AAAB83icbVBNS8NAEJ34 WetX1aOXxSJ40JKIoseCF48V7Ac0sWy223bpZhN2J2IJ/Rte PCji1T/jzX/jts1BWx8MPN6bYWZemEhh0HW/naXlldW19cJ GcXNre2e3tLffMHGqGa+zWMa6FVLDpVC8jgIlbyWa0yiUvBk ObyZ+85FrI2J1j6OEBxHtK9ETjKKVfB/5E2b9cefy4axTKr sVdwqySLyclCFHrVP68rsxSyOukElqTNtzEwwyqlEwycdFPz U8oWxI+7xtqaIRN0E2vXlMjq3SJb1Y21JIpurviYxGxoyi0H ZGFAdm3puI/3ntFHvXQSZUkiJXbLaol0qCMZkEQLpCc4ZyZ AllWthbCRtQTRnamIo2BG/+5UXSOK94bsW7uyhXT/M4CnAIR 3ACHlxBFW6hBnVgkMAzvMKbkzovzrvzMWtdcvKZA/gD5/MH 3RyRew==</latexit><latexit sha1_base64="9Y jCXfHKhEzGg5kAhrVXGjTnWDs=">AAAB83icbVBNS8NAEJ34 WetX1aOXxSJ40JKIoseCF48V7Ac0sWy223bpZhN2J2IJ/Rte PCji1T/jzX/jts1BWx8MPN6bYWZemEhh0HW/naXlldW19cJ GcXNre2e3tLffMHGqGa+zWMa6FVLDpVC8jgIlbyWa0yiUvBk ObyZ+85FrI2J1j6OEBxHtK9ETjKKVfB/5E2b9cefy4axTKr sVdwqySLyclCFHrVP68rsxSyOukElqTNtzEwwyqlEwycdFPz U8oWxI+7xtqaIRN0E2vXlMjq3SJb1Y21JIpurviYxGxoyi0H ZGFAdm3puI/3ntFHvXQSZUkiJXbLaol0qCMZkEQLpCc4ZyZ AllWthbCRtQTRnamIo2BG/+5UXSOK94bsW7uyhXT/M4CnAIR 3ACHlxBFW6hBnVgkMAzvMKbkzovzrvzMWtdcvKZA/gD5/MH 3RyRew==</latexit><latexit sha1_base64="9Y jCXfHKhEzGg5kAhrVXGjTnWDs=">AAAB83icbVBNS8NAEJ34 WetX1aOXxSJ40JKIoseCF48V7Ac0sWy223bpZhN2J2IJ/Rte PCji1T/jzX/jts1BWx8MPN6bYWZemEhh0HW/naXlldW19cJ GcXNre2e3tLffMHGqGa+zWMa6FVLDpVC8jgIlbyWa0yiUvBk ObyZ+85FrI2J1j6OEBxHtK9ETjKKVfB/5E2b9cefy4axTKr sVdwqySLyclCFHrVP68rsxSyOukElqTNtzEwwyqlEwycdFPz U8oWxI+7xtqaIRN0E2vXlMjq3SJb1Y21JIpurviYxGxoyi0H ZGFAdm3puI/3ntFHvXQSZUkiJXbLaol0qCMZkEQLpCc4ZyZ AllWthbCRtQTRnamIo2BG/+5UXSOK94bsW7uyhXT/M4CnAIR 3ACHlxBFW6hBnVgkMAzvMKbkzovzrvzMWtdcvKZA/gD5/MH 3RyRew==</latexit><latexit sha1_base64="9Y jCXfHKhEzGg5kAhrVXGjTnWDs=">AAAB83icbVBNS8NAEJ34 WetX1aOXxSJ40JKIoseCF48V7Ac0sWy223bpZhN2J2IJ/Rte PCji1T/jzX/jts1BWx8MPN6bYWZemEhh0HW/naXlldW19cJ GcXNre2e3tLffMHGqGa+zWMa6FVLDpVC8jgIlbyWa0yiUvBk ObyZ+85FrI2J1j6OEBxHtK9ETjKKVfB/5E2b9cefy4axTKr sVdwqySLyclCFHrVP68rsxSyOukElqTNtzEwwyqlEwycdFPz U8oWxI+7xtqaIRN0E2vXlMjq3SJb1Y21JIpurviYxGxoyi0H ZGFAdm3puI/3ntFHvXQSZUkiJXbLaol0qCMZkEQLpCc4ZyZ AllWthbCRtQTRnamIo2BG/+5UXSOK94bsW7uyhXT/M4CnAIR 3ACHlxBFW6hBnVgkMAzvMKbkzovzrvzMWtdcvKZA/gD5/MH 3RyRew==</latexit>
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<latexit sha1_base64="J6 hZA1HAIvpOO5xaAj6BlYRgIT0=">AAAB83icbVBNS8NAEN34 WetX1aOXxSJ40JJIQY8FLx4r2A9oY9lsJ+3SzSbsTsQS+je8 eFDEq3/Gm//GbZuDtj4YeLw3w8y8IJHCoOt+Oyura+sbm4W t4vbO7t5+6eCwaeJUc2jwWMa6HTADUihooEAJ7UQDiwIJrWB 0M/Vbj6CNiNU9jhPwIzZQIhScoZW6XYQnzAaTXvXholcqux V3BrpMvJyUSY56r/TV7cc8jUAhl8yYjucm6GdMo+ASJsVuai BhfMQG0LFUsQiMn81untBTq/RpGGtbCulM/T2RsciYcRTYzo jh0Cx6U/E/r5NieO1nQiUpguLzRWEqKcZ0GgDtCw0c5dgSx rWwt1I+ZJpxtDEVbQje4svLpHlZ8dyKd1ct187zOArkmJyQM +KRK1Ijt6ROGoSThDyTV/LmpM6L8+58zFtXnHzmiPyB8/kD 25aReg==</latexit><latexit sha1_base64="J6 hZA1HAIvpOO5xaAj6BlYRgIT0=">AAAB83icbVBNS8NAEN34 WetX1aOXxSJ40JJIQY8FLx4r2A9oY9lsJ+3SzSbsTsQS+je8 eFDEq3/Gm//GbZuDtj4YeLw3w8y8IJHCoOt+Oyura+sbm4W t4vbO7t5+6eCwaeJUc2jwWMa6HTADUihooEAJ7UQDiwIJrWB 0M/Vbj6CNiNU9jhPwIzZQIhScoZW6XYQnzAaTXvXholcqux V3BrpMvJyUSY56r/TV7cc8jUAhl8yYjucm6GdMo+ASJsVuai BhfMQG0LFUsQiMn81untBTq/RpGGtbCulM/T2RsciYcRTYzo jh0Cx6U/E/r5NieO1nQiUpguLzRWEqKcZ0GgDtCw0c5dgSx rWwt1I+ZJpxtDEVbQje4svLpHlZ8dyKd1ct187zOArkmJyQM +KRK1Ijt6ROGoSThDyTV/LmpM6L8+58zFtXnHzmiPyB8/kD 25aReg==</latexit><latexit sha1_base64="J6 hZA1HAIvpOO5xaAj6BlYRgIT0=">AAAB83icbVBNS8NAEN34 WetX1aOXxSJ40JJIQY8FLx4r2A9oY9lsJ+3SzSbsTsQS+je8 eFDEq3/Gm//GbZuDtj4YeLw3w8y8IJHCoOt+Oyura+sbm4W t4vbO7t5+6eCwaeJUc2jwWMa6HTADUihooEAJ7UQDiwIJrWB 0M/Vbj6CNiNU9jhPwIzZQIhScoZW6XYQnzAaTXvXholcqux V3BrpMvJyUSY56r/TV7cc8jUAhl8yYjucm6GdMo+ASJsVuai BhfMQG0LFUsQiMn81untBTq/RpGGtbCulM/T2RsciYcRTYzo jh0Cx6U/E/r5NieO1nQiUpguLzRWEqKcZ0GgDtCw0c5dgSx rWwt1I+ZJpxtDEVbQje4svLpHlZ8dyKd1ct187zOArkmJyQM +KRK1Ijt6ROGoSThDyTV/LmpM6L8+58zFtXnHzmiPyB8/kD 25aReg==</latexit><latexit sha1_base64="J6 hZA1HAIvpOO5xaAj6BlYRgIT0=">AAAB83icbVBNS8NAEN34 WetX1aOXxSJ40JJIQY8FLx4r2A9oY9lsJ+3SzSbsTsQS+je8 eFDEq3/Gm//GbZuDtj4YeLw3w8y8IJHCoOt+Oyura+sbm4W t4vbO7t5+6eCwaeJUc2jwWMa6HTADUihooEAJ7UQDiwIJrWB 0M/Vbj6CNiNU9jhPwIzZQIhScoZW6XYQnzAaTXvXholcqux V3BrpMvJyUSY56r/TV7cc8jUAhl8yYjucm6GdMo+ASJsVuai BhfMQG0LFUsQiMn81untBTq/RpGGtbCulM/T2RsciYcRTYzo jh0Cx6U/E/r5NieO1nQiUpguLzRWEqKcZ0GgDtCw0c5dgSx rWwt1I+ZJpxtDEVbQje4svLpHlZ8dyKd1ct187zOArkmJyQM +KRK1Ijt6ROGoSThDyTV/LmpM6L8+58zFtXnHzmiPyB8/kD 25aReg==</latexit>
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<latexit sha1_base64="Cx +CFglT+WVWnFuhlFzl0yL3ejo=">AAAB83icbVBNS8NAEJ34 WetX1aOXxSJ40JKooMeCF48V7Ac0sWy223bpZhN2J2IJ/Rte PCji1T/jzX/jts1BWx8MPN6bYWZemEhh0HW/naXlldW19cJ GcXNre2e3tLffMHGqGa+zWMa6FVLDpVC8jgIlbyWa0yiUvBk ObyZ+85FrI2J1j6OEBxHtK9ETjKKVfB/5E2b9cefi4axTKr sVdwqySLyclCFHrVP68rsxSyOukElqTNtzEwwyqlEwycdFPz U8oWxI+7xtqaIRN0E2vXlMjq3SJb1Y21JIpurviYxGxoyi0H ZGFAdm3puI/3ntFHvXQSZUkiJXbLaol0qCMZkEQLpCc4ZyZ AllWthbCRtQTRnamIo2BG/+5UXSOK94bsW7uyxXT/M4CnAIR 3ACHlxBFW6hBnVgkMAzvMKbkzovzrvzMWtdcvKZA/gD5/MH 2hCReQ==</latexit><latexit sha1_base64="Cx +CFglT+WVWnFuhlFzl0yL3ejo=">AAAB83icbVBNS8NAEJ34 WetX1aOXxSJ40JKooMeCF48V7Ac0sWy223bpZhN2J2IJ/Rte PCji1T/jzX/jts1BWx8MPN6bYWZemEhh0HW/naXlldW19cJ GcXNre2e3tLffMHGqGa+zWMa6FVLDpVC8jgIlbyWa0yiUvBk ObyZ+85FrI2J1j6OEBxHtK9ETjKKVfB/5E2b9cefi4axTKr sVdwqySLyclCFHrVP68rsxSyOukElqTNtzEwwyqlEwycdFPz U8oWxI+7xtqaIRN0E2vXlMjq3SJb1Y21JIpurviYxGxoyi0H ZGFAdm3puI/3ntFHvXQSZUkiJXbLaol0qCMZkEQLpCc4ZyZ AllWthbCRtQTRnamIo2BG/+5UXSOK94bsW7uyxXT/M4CnAIR 3ACHlxBFW6hBnVgkMAzvMKbkzovzrvzMWtdcvKZA/gD5/MH 2hCReQ==</latexit><latexit sha1_base64="Cx +CFglT+WVWnFuhlFzl0yL3ejo=">AAAB83icbVBNS8NAEJ34 WetX1aOXxSJ40JKooMeCF48V7Ac0sWy223bpZhN2J2IJ/Rte PCji1T/jzX/jts1BWx8MPN6bYWZemEhh0HW/naXlldW19cJ GcXNre2e3tLffMHGqGa+zWMa6FVLDpVC8jgIlbyWa0yiUvBk ObyZ+85FrI2J1j6OEBxHtK9ETjKKVfB/5E2b9cefi4axTKr sVdwqySLyclCFHrVP68rsxSyOukElqTNtzEwwyqlEwycdFPz U8oWxI+7xtqaIRN0E2vXlMjq3SJb1Y21JIpurviYxGxoyi0H ZGFAdm3puI/3ntFHvXQSZUkiJXbLaol0qCMZkEQLpCc4ZyZ AllWthbCRtQTRnamIo2BG/+5UXSOK94bsW7uyxXT/M4CnAIR 3ACHlxBFW6hBnVgkMAzvMKbkzovzrvzMWtdcvKZA/gD5/MH 2hCReQ==</latexit><latexit sha1_base64="Cx +CFglT+WVWnFuhlFzl0yL3ejo=">AAAB83icbVBNS8NAEJ34 WetX1aOXxSJ40JKooMeCF48V7Ac0sWy223bpZhN2J2IJ/Rte PCji1T/jzX/jts1BWx8MPN6bYWZemEhh0HW/naXlldW19cJ GcXNre2e3tLffMHGqGa+zWMa6FVLDpVC8jgIlbyWa0yiUvBk ObyZ+85FrI2J1j6OEBxHtK9ETjKKVfB/5E2b9cefi4axTKr sVdwqySLyclCFHrVP68rsxSyOukElqTNtzEwwyqlEwycdFPz U8oWxI+7xtqaIRN0E2vXlMjq3SJb1Y21JIpurviYxGxoyi0H ZGFAdm3puI/3ntFHvXQSZUkiJXbLaol0qCMZkEQLpCc4ZyZ AllWthbCRtQTRnamIo2BG/+5UXSOK94bsW7uyxXT/M4CnAIR 3ACHlxBFW6hBnVgkMAzvMKbkzovzrvzMWtdcvKZA/gD5/MH 2hCReQ==</latexit>
43215g+4
<latexit sha1_base64="GX oPaG1+TGx7ZBviUSGrM7Qs56Y=">AAAB83icbVBNS8NAEN34 WetX1aOXxSIISkmkoMeCF48V7Ae0sWy2k3bpZhN2J2IJ/Rte PCji1T/jzX/jts1BWx8MPN6bYWZekEhh0HW/nZXVtfWNzcJ WcXtnd2+/dHDYNHGqOTR4LGPdDpgBKRQ0UKCEdqKBRYGEVjC 6mfqtR9BGxOoexwn4ERsoEQrO0ErdLsITZoNJr/pw3iuV3Y o7A10mXk7KJEe9V/rq9mOeRqCQS2ZMx3MT9DOmUXAJk2I3NZ AwPmID6FiqWATGz2Y3T+ipVfo0jLUthXSm/p7IWGTMOApsZ8 RwaBa9qfif10kxvPYzoZIUQfH5ojCVFGM6DYD2hQaOcmwJ4 1rYWykfMs042piKNgRv8eVl0ryseG7Fu6uWaxd5HAVyTE7IG fHIFamRW1InDcJJQp7JK3lzUufFeXc+5q0rTj5zRP7A+fwB 2I6ReA==</latexit><latexit sha1_base64="GX oPaG1+TGx7ZBviUSGrM7Qs56Y=">AAAB83icbVBNS8NAEN34 WetX1aOXxSIISkmkoMeCF48V7Ae0sWy2k3bpZhN2J2IJ/Rte PCji1T/jzX/jts1BWx8MPN6bYWZekEhh0HW/nZXVtfWNzcJ WcXtnd2+/dHDYNHGqOTR4LGPdDpgBKRQ0UKCEdqKBRYGEVjC 6mfqtR9BGxOoexwn4ERsoEQrO0ErdLsITZoNJr/pw3iuV3Y o7A10mXk7KJEe9V/rq9mOeRqCQS2ZMx3MT9DOmUXAJk2I3NZ AwPmID6FiqWATGz2Y3T+ipVfo0jLUthXSm/p7IWGTMOApsZ8 RwaBa9qfif10kxvPYzoZIUQfH5ojCVFGM6DYD2hQaOcmwJ4 1rYWykfMs042piKNgRv8eVl0ryseG7Fu6uWaxd5HAVyTE7IG fHIFamRW1InDcJJQp7JK3lzUufFeXc+5q0rTj5zRP7A+fwB 2I6ReA==</latexit><latexit sha1_base64="GX oPaG1+TGx7ZBviUSGrM7Qs56Y=">AAAB83icbVBNS8NAEN34 WetX1aOXxSIISkmkoMeCF48V7Ae0sWy2k3bpZhN2J2IJ/Rte PCji1T/jzX/jts1BWx8MPN6bYWZekEhh0HW/nZXVtfWNzcJ WcXtnd2+/dHDYNHGqOTR4LGPdDpgBKRQ0UKCEdqKBRYGEVjC 6mfqtR9BGxOoexwn4ERsoEQrO0ErdLsITZoNJr/pw3iuV3Y o7A10mXk7KJEe9V/rq9mOeRqCQS2ZMx3MT9DOmUXAJk2I3NZ AwPmID6FiqWATGz2Y3T+ipVfo0jLUthXSm/p7IWGTMOApsZ8 RwaBa9qfif10kxvPYzoZIUQfH5ojCVFGM6DYD2hQaOcmwJ4 1rYWykfMs042piKNgRv8eVl0ryseG7Fu6uWaxd5HAVyTE7IG fHIFamRW1InDcJJQp7JK3lzUufFeXc+5q0rTj5zRP7A+fwB 2I6ReA==</latexit><latexit sha1_base64="GX oPaG1+TGx7ZBviUSGrM7Qs56Y=">AAAB83icbVBNS8NAEN34 WetX1aOXxSIISkmkoMeCF48V7Ae0sWy2k3bpZhN2J2IJ/Rte PCji1T/jzX/jts1BWx8MPN6bYWZekEhh0HW/nZXVtfWNzcJ WcXtnd2+/dHDYNHGqOTR4LGPdDpgBKRQ0UKCEdqKBRYGEVjC 6mfqtR9BGxOoexwn4ERsoEQrO0ErdLsITZoNJr/pw3iuV3Y o7A10mXk7KJEe9V/rq9mOeRqCQS2ZMx3MT9DOmUXAJk2I3NZ AwPmID6FiqWATGz2Y3T+ipVfo0jLUthXSm/p7IWGTMOApsZ8 RwaBa9qfif10kxvPYzoZIUQfH5ojCVFGM6DYD2hQaOcmwJ4 1rYWykfMs042piKNgRv8eVl0ryseG7Fu6uWaxd5HAVyTE7IG fHIFamRW1InDcJJQp7JK3lzUufFeXc+5q0rTj5zRP7A+fwB 2I6ReA==</latexit>
g 3
<latexit sha1_base64="Cx +CFglT+WVWnFuhlFzl0yL3ejo=">AAAB83icbVBNS8NAEJ34 WetX1aOXxSJ40JKooMeCF48V7Ac0sWy223bpZhN2J2IJ/Rte PCji1T/jzX/jts1BWx8MPN6bYWZemEhh0HW/naXlldW19cJ GcXNre2e3tLffMHGqGa+zWMa6FVLDpVC8jgIlbyWa0yiUvBk ObyZ+85FrI2J1j6OEBxHtK9ETjKKVfB/5E2b9cefi4axTKr sVdwqySLyclCFHrVP68rsxSyOukElqTNtzEwwyqlEwycdFPz U8oWxI+7xtqaIRN0E2vXlMjq3SJb1Y21JIpurviYxGxoyi0H ZGFAdm3puI/3ntFHvXQSZUkiJXbLaol0qCMZkEQLpCc4ZyZ AllWthbCRtQTRnamIo2BG/+5UXSOK94bsW7uyxXT/M4CnAIR 3ACHlxBFW6hBnVgkMAzvMKbkzovzrvzMWtdcvKZA/gD5/MH 2hCReQ==</latexit><latexit sha1_base64="Cx +CFglT+WVWnFuhlFzl0yL3ejo=">AAAB83icbVBNS8NAEJ34 WetX1aOXxSJ40JKooMeCF48V7Ac0sWy223bpZhN2J2IJ/Rte PCji1T/jzX/jts1BWx8MPN6bYWZemEhh0HW/naXlldW19cJ GcXNre2e3tLffMHGqGa+zWMa6FVLDpVC8jgIlbyWa0yiUvBk ObyZ+85FrI2J1j6OEBxHtK9ETjKKVfB/5E2b9cefi4axTKr sVdwqySLyclCFHrVP68rsxSyOukElqTNtzEwwyqlEwycdFPz U8oWxI+7xtqaIRN0E2vXlMjq3SJb1Y21JIpurviYxGxoyi0H ZGFAdm3puI/3ntFHvXQSZUkiJXbLaol0qCMZkEQLpCc4ZyZ AllWthbCRtQTRnamIo2BG/+5UXSOK94bsW7uyxXT/M4CnAIR 3ACHlxBFW6hBnVgkMAzvMKbkzovzrvzMWtdcvKZA/gD5/MH 2hCReQ==</latexit><latexit sha1_base64="Cx +CFglT+WVWnFuhlFzl0yL3ejo=">AAAB83icbVBNS8NAEJ34 WetX1aOXxSJ40JKooMeCF48V7Ac0sWy223bpZhN2J2IJ/Rte PCji1T/jzX/jts1BWx8MPN6bYWZemEhh0HW/naXlldW19cJ GcXNre2e3tLffMHGqGa+zWMa6FVLDpVC8jgIlbyWa0yiUvBk ObyZ+85FrI2J1j6OEBxHtK9ETjKKVfB/5E2b9cefi4axTKr sVdwqySLyclCFHrVP68rsxSyOukElqTNtzEwwyqlEwycdFPz U8oWxI+7xtqaIRN0E2vXlMjq3SJb1Y21JIpurviYxGxoyi0H ZGFAdm3puI/3ntFHvXQSZUkiJXbLaol0qCMZkEQLpCc4ZyZ AllWthbCRtQTRnamIo2BG/+5UXSOK94bsW7uyxXT/M4CnAIR 3ACHlxBFW6hBnVgkMAzvMKbkzovzrvzMWtdcvKZA/gD5/MH 2hCReQ==</latexit><latexit sha1_base64="Cx +CFglT+WVWnFuhlFzl0yL3ejo=">AAAB83icbVBNS8NAEJ34 WetX1aOXxSJ40JKooMeCF48V7Ac0sWy223bpZhN2J2IJ/Rte PCji1T/jzX/jts1BWx8MPN6bYWZemEhh0HW/naXlldW19cJ GcXNre2e3tLffMHGqGa+zWMa6FVLDpVC8jgIlbyWa0yiUvBk ObyZ+85FrI2J1j6OEBxHtK9ETjKKVfB/5E2b9cefi4axTKr sVdwqySLyclCFHrVP68rsxSyOukElqTNtzEwwyqlEwycdFPz U8oWxI+7xtqaIRN0E2vXlMjq3SJb1Y21JIpurviYxGxoyi0H ZGFAdm3puI/3ntFHvXQSZUkiJXbLaol0qCMZkEQLpCc4ZyZ AllWthbCRtQTRnamIo2BG/+5UXSOK94bsW7uyxXT/M4CnAIR 3ACHlxBFW6hBnVgkMAzvMKbkzovzrvzMWtdcvKZA/gD5/MH 2hCReQ==</latexit>
54321g+5
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<latexit sha1_base64="Cx+CFglT+WVWnFuhlFzl0yL3ej o=">AAAB83icbVBNS8NAEJ34WetX1aOXxSJ40JKooMeCF48V7Ac0sWy223bpZhN2J2IJ/RtePCji1T/jzX/jts1BWx8MPN6 bYWZemEhh0HW/naXlldW19cJGcXNre2e3tLffMHGqGa+zWMa6FVLDpVC8jgIlbyWa0yiUvBkObyZ+85FrI2J1j6OEBxHtK9E TjKKVfB/5E2b9cefi4axTKrsVdwqySLyclCFHrVP68rsxSyOukElqTNtzEwwyqlEwycdFPzU8oWxI+7xtqaIRN0E2vXlMjq 3SJb1Y21JIpurviYxGxoyi0HZGFAdm3puI/3ntFHvXQSZUkiJXbLaol0qCMZkEQLpCc4ZyZAllWthbCRtQTRnamIo2BG/+5 UXSOK94bsW7uyxXT/M4CnAIR3ACHlxBFW6hBnVgkMAzvMKbkzovzrvzMWtdcvKZA/gD5/MH2hCReQ==</latexit><latexit sha1_base64="Cx+CFglT+WVWnFuhlFzl0yL3ej o=">AAAB83icbVBNS8NAEJ34WetX1aOXxSJ40JKooMeCF48V7Ac0sWy223bpZhN2J2IJ/RtePCji1T/jzX/jts1BWx8MPN6 bYWZemEhh0HW/naXlldW19cJGcXNre2e3tLffMHGqGa+zWMa6FVLDpVC8jgIlbyWa0yiUvBkObyZ+85FrI2J1j6OEBxHtK9E TjKKVfB/5E2b9cefi4axTKrsVdwqySLyclCFHrVP68rsxSyOukElqTNtzEwwyqlEwycdFPzU8oWxI+7xtqaIRN0E2vXlMjq 3SJb1Y21JIpurviYxGxoyi0HZGFAdm3puI/3ntFHvXQSZUkiJXbLaol0qCMZkEQLpCc4ZyZAllWthbCRtQTRnamIo2BG/+5 UXSOK94bsW7uyxXT/M4CnAIR3ACHlxBFW6hBnVgkMAzvMKbkzovzrvzMWtdcvKZA/gD5/MH2hCReQ==</latexit><latexit sha1_base64="Cx+CFglT+WVWnFuhlFzl0yL3ej o=">AAAB83icbVBNS8NAEJ34WetX1aOXxSJ40JKooMeCF48V7Ac0sWy223bpZhN2J2IJ/RtePCji1T/jzX/jts1BWx8MPN6 bYWZemEhh0HW/naXlldW19cJGcXNre2e3tLffMHGqGa+zWMa6FVLDpVC8jgIlbyWa0yiUvBkObyZ+85FrI2J1j6OEBxHtK9E TjKKVfB/5E2b9cefi4axTKrsVdwqySLyclCFHrVP68rsxSyOukElqTNtzEwwyqlEwycdFPzU8oWxI+7xtqaIRN0E2vXlMjq 3SJb1Y21JIpurviYxGxoyi0HZGFAdm3puI/3ntFHvXQSZUkiJXbLaol0qCMZkEQLpCc4ZyZAllWthbCRtQTRnamIo2BG/+5 UXSOK94bsW7uyxXT/M4CnAIR3ACHlxBFW6hBnVgkMAzvMKbkzovzrvzMWtdcvKZA/gD5/MH2hCReQ==</latexit><latexit sha1_base64="Cx+CFglT+WVWnFuhlFzl0yL3ej o=">AAAB83icbVBNS8NAEJ34WetX1aOXxSJ40JKooMeCF48V7Ac0sWy223bpZhN2J2IJ/RtePCji1T/jzX/jts1BWx8MPN6 bYWZemEhh0HW/naXlldW19cJGcXNre2e3tLffMHGqGa+zWMa6FVLDpVC8jgIlbyWa0yiUvBkObyZ+85FrI2J1j6OEBxHtK9E TjKKVfB/5E2b9cefi4axTKrsVdwqySLyclCFHrVP68rsxSyOukElqTNtzEwwyqlEwycdFPzU8oWxI+7xtqaIRN0E2vXlMjq 3SJb1Y21JIpurviYxGxoyi0HZGFAdm3puI/3ntFHvXQSZUkiJXbLaol0qCMZkEQLpCc4ZyZAllWthbCRtQTRnamIo2BG/+5 UXSOK94bsW7uyxXT/M4CnAIR3ACHlxBFW6hBnVgkMAzvMKbkzovzrvzMWtdcvKZA/gD5/MH2hCReQ==</latexit>
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g+4
<latexit sha1_base64="GXoPaG1+TGx7ZBviUSGrM7Qs56 Y=">AAAB83icbVBNS8NAEN34WetX1aOXxSIISkmkoMeCF48V7Ae0sWy2k3bpZhN2J2IJ/RtePCji1T/jzX/jts1BWx8MPN6 bYWZekEhh0HW/nZXVtfWNzcJWcXtnd2+/dHDYNHGqOTR4LGPdDpgBKRQ0UKCEdqKBRYGEVjC6mfqtR9BGxOoexwn4ERsoEQr O0ErdLsITZoNJr/pw3iuV3Yo7A10mXk7KJEe9V/rq9mOeRqCQS2ZMx3MT9DOmUXAJk2I3NZAwPmID6FiqWATGz2Y3T+ipVf o0jLUthXSm/p7IWGTMOApsZ8RwaBa9qfif10kxvPYzoZIUQfH5ojCVFGM6DYD2hQaOcmwJ41rYWykfMs042piKNgRv8eVl0 ryseG7Fu6uWaxd5HAVyTE7IGfHIFamRW1InDcJJQp7JK3lzUufFeXc+5q0rTj5zRP7A+fwB2I6ReA==</latexit><latexit sha1_base64="GXoPaG1+TGx7ZBviUSGrM7Qs56 Y=">AAAB83icbVBNS8NAEN34WetX1aOXxSIISkmkoMeCF48V7Ae0sWy2k3bpZhN2J2IJ/RtePCji1T/jzX/jts1BWx8MPN6 bYWZekEhh0HW/nZXVtfWNzcJWcXtnd2+/dHDYNHGqOTR4LGPdDpgBKRQ0UKCEdqKBRYGEVjC6mfqtR9BGxOoexwn4ERsoEQr O0ErdLsITZoNJr/pw3iuV3Yo7A10mXk7KJEe9V/rq9mOeRqCQS2ZMx3MT9DOmUXAJk2I3NZAwPmID6FiqWATGz2Y3T+ipVf o0jLUthXSm/p7IWGTMOApsZ8RwaBa9qfif10kxvPYzoZIUQfH5ojCVFGM6DYD2hQaOcmwJ41rYWykfMs042piKNgRv8eVl0 ryseG7Fu6uWaxd5HAVyTE7IGfHIFamRW1InDcJJQp7JK3lzUufFeXc+5q0rTj5zRP7A+fwB2I6ReA==</latexit><latexit sha1_base64="GXoPaG1+TGx7ZBviUSGrM7Qs56 Y=">AAAB83icbVBNS8NAEN34WetX1aOXxSIISkmkoMeCF48V7Ae0sWy2k3bpZhN2J2IJ/RtePCji1T/jzX/jts1BWx8MPN6 bYWZekEhh0HW/nZXVtfWNzcJWcXtnd2+/dHDYNHGqOTR4LGPdDpgBKRQ0UKCEdqKBRYGEVjC6mfqtR9BGxOoexwn4ERsoEQr O0ErdLsITZoNJr/pw3iuV3Yo7A10mXk7KJEe9V/rq9mOeRqCQS2ZMx3MT9DOmUXAJk2I3NZAwPmID6FiqWATGz2Y3T+ipVf o0jLUthXSm/p7IWGTMOApsZ8RwaBa9qfif10kxvPYzoZIUQfH5ojCVFGM6DYD2hQaOcmwJ41rYWykfMs042piKNgRv8eVl0 ryseG7Fu6uWaxd5HAVyTE7IGfHIFamRW1InDcJJQp7JK3lzUufFeXc+5q0rTj5zRP7A+fwB2I6ReA==</latexit><latexit sha1_base64="GXoPaG1+TGx7ZBviUSGrM7Qs56 Y=">AAAB83icbVBNS8NAEN34WetX1aOXxSIISkmkoMeCF48V7Ae0sWy2k3bpZhN2J2IJ/RtePCji1T/jzX/jts1BWx8MPN6 bYWZekEhh0HW/nZXVtfWNzcJWcXtnd2+/dHDYNHGqOTR4LGPdDpgBKRQ0UKCEdqKBRYGEVjC6mfqtR9BGxOoexwn4ERsoEQr O0ErdLsITZoNJr/pw3iuV3Yo7A10mXk7KJEe9V/rq9mOeRqCQS2ZMx3MT9DOmUXAJk2I3NZAwPmID6FiqWATGz2Y3T+ipVf o0jLUthXSm/p7IWGTMOApsZ8RwaBa9qfif10kxvPYzoZIUQfH5ojCVFGM6DYD2hQaOcmwJ41rYWykfMs042piKNgRv8eVl0 ryseG7Fu6uWaxd5HAVyTE7IGfHIFamRW1InDcJJQp7JK3lzUufFeXc+5q0rTj5zRP7A+fwB2I6ReA==</latexit>
g 3
<latexit sha1_base64="Cx+CFglT+WVWnFuhlFzl0yL3ej o=">AAAB83icbVBNS8NAEJ34WetX1aOXxSJ40JKooMeCF48V7Ac0sWy223bpZhN2J2IJ/RtePCji1T/jzX/jts1BWx8MPN6 bYWZemEhh0HW/naXlldW19cJGcXNre2e3tLffMHGqGa+zWMa6FVLDpVC8jgIlbyWa0yiUvBkObyZ+85FrI2J1j6OEBxHtK9E TjKKVfB/5E2b9cefi4axTKrsVdwqySLyclCFHrVP68rsxSyOukElqTNtzEwwyqlEwycdFPzU8oWxI+7xtqaIRN0E2vXlMjq 3SJb1Y21JIpurviYxGxoyi0HZGFAdm3puI/3ntFHvXQSZUkiJXbLaol0qCMZkEQLpCc4ZyZAllWthbCRtQTRnamIo2BG/+5 UXSOK94bsW7uyxXT/M4CnAIR3ACHlxBFW6hBnVgkMAzvMKbkzovzrvzMWtdcvKZA/gD5/MH2hCReQ==</latexit><latexit sha1_base64="Cx+CFglT+WVWnFuhlFzl0yL3ej o=">AAAB83icbVBNS8NAEJ34WetX1aOXxSJ40JKooMeCF48V7Ac0sWy223bpZhN2J2IJ/RtePCji1T/jzX/jts1BWx8MPN6 bYWZemEhh0HW/naXlldW19cJGcXNre2e3tLffMHGqGa+zWMa6FVLDpVC8jgIlbyWa0yiUvBkObyZ+85FrI2J1j6OEBxHtK9E TjKKVfB/5E2b9cefi4axTKrsVdwqySLyclCFHrVP68rsxSyOukElqTNtzEwwyqlEwycdFPzU8oWxI+7xtqaIRN0E2vXlMjq 3SJb1Y21JIpurviYxGxoyi0HZGFAdm3puI/3ntFHvXQSZUkiJXbLaol0qCMZkEQLpCc4ZyZAllWthbCRtQTRnamIo2BG/+5 UXSOK94bsW7uyxXT/M4CnAIR3ACHlxBFW6hBnVgkMAzvMKbkzovzrvzMWtdcvKZA/gD5/MH2hCReQ==</latexit><latexit sha1_base64="Cx+CFglT+WVWnFuhlFzl0yL3ej o=">AAAB83icbVBNS8NAEJ34WetX1aOXxSJ40JKooMeCF48V7Ac0sWy223bpZhN2J2IJ/RtePCji1T/jzX/jts1BWx8MPN6 bYWZemEhh0HW/naXlldW19cJGcXNre2e3tLffMHGqGa+zWMa6FVLDpVC8jgIlbyWa0yiUvBkObyZ+85FrI2J1j6OEBxHtK9E TjKKVfB/5E2b9cefi4axTKrsVdwqySLyclCFHrVP68rsxSyOukElqTNtzEwwyqlEwycdFPzU8oWxI+7xtqaIRN0E2vXlMjq 3SJb1Y21JIpurviYxGxoyi0HZGFAdm3puI/3ntFHvXQSZUkiJXbLaol0qCMZkEQLpCc4ZyZAllWthbCRtQTRnamIo2BG/+5 UXSOK94bsW7uyxXT/M4CnAIR3ACHlxBFW6hBnVgkMAzvMKbkzovzrvzMWtdcvKZA/gD5/MH2hCReQ==</latexit><latexit sha1_base64="Cx+CFglT+WVWnFuhlFzl0yL3ej o=">AAAB83icbVBNS8NAEJ34WetX1aOXxSJ40JKooMeCF48V7Ac0sWy223bpZhN2J2IJ/RtePCji1T/jzX/jts1BWx8MPN6 bYWZemEhh0HW/naXlldW19cJGcXNre2e3tLffMHGqGa+zWMa6FVLDpVC8jgIlbyWa0yiUvBkObyZ+85FrI2J1j6OEBxHtK9E TjKKVfB/5E2b9cefi4axTKrsVdwqySLyclCFHrVP68rsxSyOukElqTNtzEwwyqlEwycdFPzU8oWxI+7xtqaIRN0E2vXlMjq 3SJb1Y21JIpurviYxGxoyi0HZGFAdm3puI/3ntFHvXQSZUkiJXbLaol0qCMZkEQLpCc4ZyZAllWthbCRtQTRnamIo2BG/+5 UXSOK94bsW7uyxXT/M4CnAIR3ACHlxBFW6hBnVgkMAzvMKbkzovzrvzMWtdcvKZA/gD5/MH2hCReQ==</latexit>
15243
g+5
<latexit sha1_base64="9iyybuuuiYMe7iC3GCFIlq5sKi U=">AAAB83icbVBNS8NAEJ34WetX1aOXxSIISklE0WPBi8cK9gOaWDbbbbt0swm7E7GE/g0vHhTx6p/x5r9x2+agrQ8GHu/ NMDMvTKQw6LrfztLyyuraemGjuLm1vbNb2ttvmDjVjNdZLGPdCqnhUiheR4GStxLNaRRK3gyHNxO/+ci1EbG6x1HCg4j2leg JRtFKvo/8CbP+uHP5cNopld2KOwVZJF5OypCj1il9+d2YpRFXyCQ1pu25CQYZ1SiY5OOinxqeUDakfd62VNGImyCb3jwmx1 bpkl6sbSkkU/X3REYjY0ZRaDsjigMz703E/7x2ir3rIBMqSZErNlvUSyXBmEwCIF2hOUM5soQyLeythA2opgxtTEUbgjf/8 iJpnFc8t+LdXZSrZ3kcBTiEIzgBD66gCrdQgzowSOAZXuHNSZ0X5935mLUuOfnMAfyB8/kD2hSReQ==</latexit><latexit sha1_base64="9iyybuuuiYMe7iC3GCFIlq5sKi U=">AAAB83icbVBNS8NAEJ34WetX1aOXxSIISklE0WPBi8cK9gOaWDbbbbt0swm7E7GE/g0vHhTx6p/x5r9x2+agrQ8GHu/ NMDMvTKQw6LrfztLyyuraemGjuLm1vbNb2ttvmDjVjNdZLGPdCqnhUiheR4GStxLNaRRK3gyHNxO/+ci1EbG6x1HCg4j2leg JRtFKvo/8CbP+uHP5cNopld2KOwVZJF5OypCj1il9+d2YpRFXyCQ1pu25CQYZ1SiY5OOinxqeUDakfd62VNGImyCb3jwmx1 bpkl6sbSkkU/X3REYjY0ZRaDsjigMz703E/7x2ir3rIBMqSZErNlvUSyXBmEwCIF2hOUM5soQyLeythA2opgxtTEUbgjf/8 iJpnFc8t+LdXZSrZ3kcBTiEIzgBD66gCrdQgzowSOAZXuHNSZ0X5935mLUuOfnMAfyB8/kD2hSReQ==</latexit><latexit sha1_base64="9iyybuuuiYMe7iC3GCFIlq5sKi U=">AAAB83icbVBNS8NAEJ34WetX1aOXxSIISklE0WPBi8cK9gOaWDbbbbt0swm7E7GE/g0vHhTx6p/x5r9x2+agrQ8GHu/ NMDMvTKQw6LrfztLyyuraemGjuLm1vbNb2ttvmDjVjNdZLGPdCqnhUiheR4GStxLNaRRK3gyHNxO/+ci1EbG6x1HCg4j2leg JRtFKvo/8CbP+uHP5cNopld2KOwVZJF5OypCj1il9+d2YpRFXyCQ1pu25CQYZ1SiY5OOinxqeUDakfd62VNGImyCb3jwmx1 bpkl6sbSkkU/X3REYjY0ZRaDsjigMz703E/7x2ir3rIBMqSZErNlvUSyXBmEwCIF2hOUM5soQyLeythA2opgxtTEUbgjf/8 iJpnFc8t+LdXZSrZ3kcBTiEIzgBD66gCrdQgzowSOAZXuHNSZ0X5935mLUuOfnMAfyB8/kD2hSReQ==</latexit><latexit sha1_base64="9iyybuuuiYMe7iC3GCFIlq5sKi U=">AAAB83icbVBNS8NAEJ34WetX1aOXxSIISklE0WPBi8cK9gOaWDbbbbt0swm7E7GE/g0vHhTx6p/x5r9x2+agrQ8GHu/ NMDMvTKQw6LrfztLyyuraemGjuLm1vbNb2ttvmDjVjNdZLGPdCqnhUiheR4GStxLNaRRK3gyHNxO/+ci1EbG6x1HCg4j2leg JRtFKvo/8CbP+uHP5cNopld2KOwVZJF5OypCj1il9+d2YpRFXyCQ1pu25CQYZ1SiY5OOinxqeUDakfd62VNGImyCb3jwmx1 bpkl6sbSkkU/X3REYjY0ZRaDsjigMz703E/7x2ir3rIBMqSZErNlvUSyXBmEwCIF2hOUM5soQyLeythA2opgxtTEUbgjf/8 iJpnFc8t+LdXZSrZ3kcBTiEIzgBD66gCrdQgzowSOAZXuHNSZ0X5935mLUuOfnMAfyB8/kD2hSReQ==</latexit>
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g+3
<latexit sha1_base64="lG6yMOd/UymGVmi1+hBk0fFsvF U=">AAAB83icbVBNS8NAEJ34WetX1aOXxSIISklU0GPBi8cK9gOaWDbbbbt0swm7E7GE/g0vHhTx6p/x5r9x2+agrQ8GHu/ NMDMvTKQw6LrfztLyyuraemGjuLm1vbNb2ttvmDjVjNdZLGPdCqnhUiheR4GStxLNaRRK3gyHNxO/+ci1EbG6x1HCg4j2leg JRtFKvo/8CbP+uHPxcNopld2KOwVZJF5OypCj1il9+d2YpRFXyCQ1pu25CQYZ1SiY5OOinxqeUDakfd62VNGImyCb3jwmx1 bpkl6sbSkkU/X3REYjY0ZRaDsjigMz703E/7x2ir3rIBMqSZErNlvUSyXBmEwCIF2hOUM5soQyLeythA2opgxtTEUbgjf/8 iJpnFc8t+LdXZarZ3kcBTiEIzgBD66gCrdQgzowSOAZXuHNSZ0X5935mLUuOfnMAfyB8/kD1wiRdw==</latexit><latexit sha1_base64="lG6yMOd/UymGVmi1+hBk0fFsvF U=">AAAB83icbVBNS8NAEJ34WetX1aOXxSIISklU0GPBi8cK9gOaWDbbbbt0swm7E7GE/g0vHhTx6p/x5r9x2+agrQ8GHu/ NMDMvTKQw6LrfztLyyuraemGjuLm1vbNb2ttvmDjVjNdZLGPdCqnhUiheR4GStxLNaRRK3gyHNxO/+ci1EbG6x1HCg4j2leg JRtFKvo/8CbP+uHPxcNopld2KOwVZJF5OypCj1il9+d2YpRFXyCQ1pu25CQYZ1SiY5OOinxqeUDakfd62VNGImyCb3jwmx1 bpkl6sbSkkU/X3REYjY0ZRaDsjigMz703E/7x2ir3rIBMqSZErNlvUSyXBmEwCIF2hOUM5soQyLeythA2opgxtTEUbgjf/8 iJpnFc8t+LdXZarZ3kcBTiEIzgBD66gCrdQgzowSOAZXuHNSZ0X5935mLUuOfnMAfyB8/kD1wiRdw==</latexit><latexit sha1_base64="lG6yMOd/UymGVmi1+hBk0fFsvF U=">AAAB83icbVBNS8NAEJ34WetX1aOXxSIISklU0GPBi8cK9gOaWDbbbbt0swm7E7GE/g0vHhTx6p/x5r9x2+agrQ8GHu/ NMDMvTKQw6LrfztLyyuraemGjuLm1vbNb2ttvmDjVjNdZLGPdCqnhUiheR4GStxLNaRRK3gyHNxO/+ci1EbG6x1HCg4j2leg JRtFKvo/8CbP+uHPxcNopld2KOwVZJF5OypCj1il9+d2YpRFXyCQ1pu25CQYZ1SiY5OOinxqeUDakfd62VNGImyCb3jwmx1 bpkl6sbSkkU/X3REYjY0ZRaDsjigMz703E/7x2ir3rIBMqSZErNlvUSyXBmEwCIF2hOUM5soQyLeythA2opgxtTEUbgjf/8 iJpnFc8t+LdXZarZ3kcBTiEIzgBD66gCrdQgzowSOAZXuHNSZ0X5935mLUuOfnMAfyB8/kD1wiRdw==</latexit><latexit sha1_base64="hP+6LrUf2d3tZaldqaQQvEKMXy w=">AAAB2XicbZDNSgMxFIXv1L86Vq1rN8EiuCozbnQpuHFZwbZCO5RM5k4bmskMyR2hDH0BF25EfC93vo3pz0JbDwQ+zkn IvSculLQUBN9ebWd3b/+gfugfNfzjk9Nmo2fz0gjsilzl5jnmFpXU2CVJCp8LgzyLFfbj6f0i77+gsTLXTzQrMMr4WMtUCk7 O6oyaraAdLMW2IVxDC9YaNb+GSS7KDDUJxa0dhEFBUcUNSaFw7g9LiwUXUz7GgUPNM7RRtRxzzi6dk7A0N+5oYkv394uKZ9 bOstjdzDhN7Ga2MP/LBiWlt1EldVESarH6KC0Vo5wtdmaJNChIzRxwYaSblYkJN1yQa8Z3HYSbG29D77odBu3wMYA6nMMFX EEIN3AHD9CBLghI4BXevYn35n2suqp569LO4I+8zx84xIo4</latexit><latexit sha1_base64="LL6kajjwYlP8fPmYasU8SepdPX o=">AAAB6HicbZBLSwMxFIXv+Ky1anXrJlgEQSgzutCl4MZlBfuAzlgy6Z02NPMguSOWoX/DjQtF/EXu/Demj4W2Hgh8nJN wb06YKWnIdb+dtfWNza3t0k55t7K3f1A9rLRMmmuBTZGqVHdCblDJBJskSWEn08jjUGE7HN1O8/YTaiPT5IHGGQYxHyQykoK TtXyf8JmKwaR3+Xjeq9bcujsTWwVvATVYqNGrfvn9VOQxJiQUN6bruRkFBdckhcJJ2c8NZlyM+AC7FhMeowmK2c4TdmqdPo tSbU9CbOb+flHw2JhxHNqbMaehWc6m5n9ZN6foOihkkuWEiZgPinLFKGXTAlhfahSkxha40NLuysSQay7I1lS2JXjLX16F1 kXdc+vevQslOIYTOAMPruAG7qABTRCQwQu8wbuTO6/Ox7yuNWfR2xH8kfP5A5i/kC8=</latexit><latexit sha1_base64="LL6kajjwYlP8fPmYasU8SepdPX o=">AAAB6HicbZBLSwMxFIXv+Ky1anXrJlgEQSgzutCl4MZlBfuAzlgy6Z02NPMguSOWoX/DjQtF/EXu/Demj4W2Hgh8nJN wb06YKWnIdb+dtfWNza3t0k55t7K3f1A9rLRMmmuBTZGqVHdCblDJBJskSWEn08jjUGE7HN1O8/YTaiPT5IHGGQYxHyQykoK TtXyf8JmKwaR3+Xjeq9bcujsTWwVvATVYqNGrfvn9VOQxJiQUN6bruRkFBdckhcJJ2c8NZlyM+AC7FhMeowmK2c4TdmqdPo tSbU9CbOb+flHw2JhxHNqbMaehWc6m5n9ZN6foOihkkuWEiZgPinLFKGXTAlhfahSkxha40NLuysSQay7I1lS2JXjLX16F1 kXdc+vevQslOIYTOAMPruAG7qABTRCQwQu8wbuTO6/Ox7yuNWfR2xH8kfP5A5i/kC8=</latexit><latexit sha1_base64="Yq/LZzbTArJ/71CrBUUmMWIMF+ k=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LBZBUEqiBz0WvHisYD+gjWWz3bRLN5uwOxFL6N/w4kERr/4Zb/4bt20O2vpg4PH eDDPzgkQKg6777RRWVtfWN4qbpa3tnd298v5B08SpZrzBYhnrdkANl0LxBgqUvJ1oTqNA8lYwupn6rUeujYjVPY4T7kd0oEQ oGEUrdbvInzAbTHqXD2e9csWtujOQZeLlpAI56r3yV7cfszTiCpmkxnQ8N0E/oxoFk3xS6qaGJ5SN6IB3LFU04sbPZjdPyI lV+iSMtS2FZKb+nshoZMw4CmxnRHFoFr2p+J/XSTG89jOhkhS5YvNFYSoJxmQaAOkLzRnKsSWUaWFvJWxINWVoYyrZELzFl 5dJ86LquVXvzq3UzvM4inAEx3AKHlxBDW6hDg1gkMAzvMKbkzovzrvzMW8tOPnMIfyB8/kD1ciRcw==</latexit><latexit sha1_base64="lG6yMOd/UymGVmi1+hBk0fFsvF U=">AAAB83icbVBNS8NAEJ34WetX1aOXxSIISklU0GPBi8cK9gOaWDbbbbt0swm7E7GE/g0vHhTx6p/x5r9x2+agrQ8GHu/ NMDMvTKQw6LrfztLyyuraemGjuLm1vbNb2ttvmDjVjNdZLGPdCqnhUiheR4GStxLNaRRK3gyHNxO/+ci1EbG6x1HCg4j2leg JRtFKvo/8CbP+uHPxcNopld2KOwVZJF5OypCj1il9+d2YpRFXyCQ1pu25CQYZ1SiY5OOinxqeUDakfd62VNGImyCb3jwmx1 bpkl6sbSkkU/X3REYjY0ZRaDsjigMz703E/7x2ir3rIBMqSZErNlvUSyXBmEwCIF2hOUM5soQyLeythA2opgxtTEUbgjf/8 iJpnFc8t+LdXZarZ3kcBTiEIzgBD66gCrdQgzowSOAZXuHNSZ0X5935mLUuOfnMAfyB8/kD1wiRdw==</latexit><latexit sha1_base64="lG6yMOd/UymGVmi1+hBk0fFsvF U=">AAAB83icbVBNS8NAEJ34WetX1aOXxSIISklU0GPBi8cK9gOaWDbbbbt0swm7E7GE/g0vHhTx6p/x5r9x2+agrQ8GHu/ NMDMvTKQw6LrfztLyyuraemGjuLm1vbNb2ttvmDjVjNdZLGPdCqnhUiheR4GStxLNaRRK3gyHNxO/+ci1EbG6x1HCg4j2leg JRtFKvo/8CbP+uHPxcNopld2KOwVZJF5OypCj1il9+d2YpRFXyCQ1pu25CQYZ1SiY5OOinxqeUDakfd62VNGImyCb3jwmx1 bpkl6sbSkkU/X3REYjY0ZRaDsjigMz703E/7x2ir3rIBMqSZErNlvUSyXBmEwCIF2hOUM5soQyLeythA2opgxtTEUbgjf/8 iJpnFc8t+LdXZarZ3kcBTiEIzgBD66gCrdQgzowSOAZXuHNSZ0X5935mLUuOfnMAfyB8/kD1wiRdw==</latexit><latexit sha1_base64="lG6yMOd/UymGVmi1+hBk0fFsvF U=">AAAB83icbVBNS8NAEJ34WetX1aOXxSIISklU0GPBi8cK9gOaWDbbbbt0swm7E7GE/g0vHhTx6p/x5r9x2+agrQ8GHu/ NMDMvTKQw6LrfztLyyuraemGjuLm1vbNb2ttvmDjVjNdZLGPdCqnhUiheR4GStxLNaRRK3gyHNxO/+ci1EbG6x1HCg4j2leg JRtFKvo/8CbP+uHPxcNopld2KOwVZJF5OypCj1il9+d2YpRFXyCQ1pu25CQYZ1SiY5OOinxqeUDakfd62VNGImyCb3jwmx1 bpkl6sbSkkU/X3REYjY0ZRaDsjigMz703E/7x2ir3rIBMqSZErNlvUSyXBmEwCIF2hOUM5soQyLeythA2opgxtTEUbgjf/8 iJpnFc8t+LdXZarZ3kcBTiEIzgBD66gCrdQgzowSOAZXuHNSZ0X5935mLUuOfnMAfyB8/kD1wiRdw==</latexit><latexit sha1_base64="lG6yMOd/UymGVmi1+hBk0fFsvF U=">AAAB83icbVBNS8NAEJ34WetX1aOXxSIISklU0GPBi8cK9gOaWDbbbbt0swm7E7GE/g0vHhTx6p/x5r9x2+agrQ8GHu/ NMDMvTKQw6LrfztLyyuraemGjuLm1vbNb2ttvmDjVjNdZLGPdCqnhUiheR4GStxLNaRRK3gyHNxO/+ci1EbG6x1HCg4j2leg JRtFKvo/8CbP+uHPxcNopld2KOwVZJF5OypCj1il9+d2YpRFXyCQ1pu25CQYZ1SiY5OOinxqeUDakfd62VNGImyCb3jwmx1 bpkl6sbSkkU/X3REYjY0ZRaDsjigMz703E/7x2ir3rIBMqSZErNlvUSyXBmEwCIF2hOUM5soQyLeythA2opgxtTEUbgjf/8 iJpnFc8t+LdXZarZ3kcBTiEIzgBD66gCrdQgzowSOAZXuHNSZ0X5935mLUuOfnMAfyB8/kD1wiRdw==</latexit><latexit sha1_base64="lG6yMOd/UymGVmi1+hBk0fFsvF U=">AAAB83icbVBNS8NAEJ34WetX1aOXxSIISklU0GPBi8cK9gOaWDbbbbt0swm7E7GE/g0vHhTx6p/x5r9x2+agrQ8GHu/ NMDMvTKQw6LrfztLyyuraemGjuLm1vbNb2ttvmDjVjNdZLGPdCqnhUiheR4GStxLNaRRK3gyHNxO/+ci1EbG6x1HCg4j2leg JRtFKvo/8CbP+uHPxcNopld2KOwVZJF5OypCj1il9+d2YpRFXyCQ1pu25CQYZ1SiY5OOinxqeUDakfd62VNGImyCb3jwmx1 bpkl6sbSkkU/X3REYjY0ZRaDsjigMz703E/7x2ir3rIBMqSZErNlvUSyXBmEwCIF2hOUM5soQyLeythA2opgxtTEUbgjf/8 iJpnFc8t+LdXZarZ3kcBTiEIzgBD66gCrdQgzowSOAZXuHNSZ0X5935mLUuOfnMAfyB8/kD1wiRdw==</latexit><latexit sha1_base64="lG6yMOd/UymGVmi1+hBk0fFsvF U=">AAAB83icbVBNS8NAEJ34WetX1aOXxSIISklU0GPBi8cK9gOaWDbbbbt0swm7E7GE/g0vHhTx6p/x5r9x2+agrQ8GHu/ NMDMvTKQw6LrfztLyyuraemGjuLm1vbNb2ttvmDjVjNdZLGPdCqnhUiheR4GStxLNaRRK3gyHNxO/+ci1EbG6x1HCg4j2leg JRtFKvo/8CbP+uHPxcNopld2KOwVZJF5OypCj1il9+d2YpRFXyCQ1pu25CQYZ1SiY5OOinxqeUDakfd62VNGImyCb3jwmx1 bpkl6sbSkkU/X3REYjY0ZRaDsjigMz703E/7x2ir3rIBMqSZErNlvUSyXBmEwCIF2hOUM5soQyLeythA2opgxtTEUbgjf/8 iJpnFc8t+LdXZarZ3kcBTiEIzgBD66gCrdQgzowSOAZXuHNSZ0X5935mLUuOfnMAfyB8/kD1wiRdw==</latexit>
g 5
<latexit sha1_base64="9YjCXfHKhEzGg5kAhrVXGjTnWD s=">AAAB83icbVBNS8NAEJ34WetX1aOXxSJ40JKIoseCF48V7Ac0sWy223bpZhN2J2IJ/RtePCji1T/jzX/jts1BWx8MPN6 bYWZemEhh0HW/naXlldW19cJGcXNre2e3tLffMHGqGa+zWMa6FVLDpVC8jgIlbyWa0yiUvBkObyZ+85FrI2J1j6OEBxHtK9E TjKKVfB/5E2b9cefy4axTKrsVdwqySLyclCFHrVP68rsxSyOukElqTNtzEwwyqlEwycdFPzU8oWxI+7xtqaIRN0E2vXlMjq 3SJb1Y21JIpurviYxGxoyi0HZGFAdm3puI/3ntFHvXQSZUkiJXbLaol0qCMZkEQLpCc4ZyZAllWthbCRtQTRnamIo2BG/+5 UXSOK94bsW7uyhXT/M4CnAIR3ACHlxBFW6hBnVgkMAzvMKbkzovzrvzMWtdcvKZA/gD5/MH3RyRew==</latexit><latexit sha1_base64="9YjCXfHKhEzGg5kAhrVXGjTnWD s=">AAAB83icbVBNS8NAEJ34WetX1aOXxSJ40JKIoseCF48V7Ac0sWy223bpZhN2J2IJ/RtePCji1T/jzX/jts1BWx8MPN6 bYWZemEhh0HW/naXlldW19cJGcXNre2e3tLffMHGqGa+zWMa6FVLDpVC8jgIlbyWa0yiUvBkObyZ+85FrI2J1j6OEBxHtK9E TjKKVfB/5E2b9cefy4axTKrsVdwqySLyclCFHrVP68rsxSyOukElqTNtzEwwyqlEwycdFPzU8oWxI+7xtqaIRN0E2vXlMjq 3SJb1Y21JIpurviYxGxoyi0HZGFAdm3puI/3ntFHvXQSZUkiJXbLaol0qCMZkEQLpCc4ZyZAllWthbCRtQTRnamIo2BG/+5 UXSOK94bsW7uyhXT/M4CnAIR3ACHlxBFW6hBnVgkMAzvMKbkzovzrvzMWtdcvKZA/gD5/MH3RyRew==</latexit><latexit sha1_base64="9YjCXfHKhEzGg5kAhrVXGjTnWD s=">AAAB83icbVBNS8NAEJ34WetX1aOXxSJ40JKIoseCF48V7Ac0sWy223bpZhN2J2IJ/RtePCji1T/jzX/jts1BWx8MPN6 bYWZemEhh0HW/naXlldW19cJGcXNre2e3tLffMHGqGa+zWMa6FVLDpVC8jgIlbyWa0yiUvBkObyZ+85FrI2J1j6OEBxHtK9E TjKKVfB/5E2b9cefy4axTKrsVdwqySLyclCFHrVP68rsxSyOukElqTNtzEwwyqlEwycdFPzU8oWxI+7xtqaIRN0E2vXlMjq 3SJb1Y21JIpurviYxGxoyi0HZGFAdm3puI/3ntFHvXQSZUkiJXbLaol0qCMZkEQLpCc4ZyZAllWthbCRtQTRnamIo2BG/+5 UXSOK94bsW7uyhXT/M4CnAIR3ACHlxBFW6hBnVgkMAzvMKbkzovzrvzMWtdcvKZA/gD5/MH3RyRew==</latexit><latexit sha1_base64="9YjCXfHKhEzGg5kAhrVXGjTnWD s=">AAAB83icbVBNS8NAEJ34WetX1aOXxSJ40JKIoseCF48V7Ac0sWy223bpZhN2J2IJ/RtePCji1T/jzX/jts1BWx8MPN6 bYWZemEhh0HW/naXlldW19cJGcXNre2e3tLffMHGqGa+zWMa6FVLDpVC8jgIlbyWa0yiUvBkObyZ+85FrI2J1j6OEBxHtK9E TjKKVfB/5E2b9cefy4axTKrsVdwqySLyclCFHrVP68rsxSyOukElqTNtzEwwyqlEwycdFPzU8oWxI+7xtqaIRN0E2vXlMjq 3SJb1Y21JIpurviYxGxoyi0HZGFAdm3puI/3ntFHvXQSZUkiJXbLaol0qCMZkEQLpCc4ZyZAllWthbCRtQTRnamIo2BG/+5 UXSOK94bsW7uyhXT/M4CnAIR3ACHlxBFW6hBnVgkMAzvMKbkzovzrvzMWtdcvKZA/gD5/MH3RyRew==</latexit>
15324
g 4
<latexit sha1_base64="J6hZA1HAIvpOO5xaAj6BlYRgIT 0=">AAAB83icbVBNS8NAEN34WetX1aOXxSJ40JJIQY8FLx4r2A9oY9lsJ+3SzSbsTsQS+je8eFDEq3/Gm//GbZuDtj4YeLw 3w8y8IJHCoOt+Oyura+sbm4Wt4vbO7t5+6eCwaeJUc2jwWMa6HTADUihooEAJ7UQDiwIJrWB0M/Vbj6CNiNU9jhPwIzZQIhS coZW6XYQnzAaTXvXholcquxV3BrpMvJyUSY56r/TV7cc8jUAhl8yYjucm6GdMo+ASJsVuaiBhfMQG0LFUsQiMn81untBTq/ RpGGtbCulM/T2RsciYcRTYzojh0Cx6U/E/r5NieO1nQiUpguLzRWEqKcZ0GgDtCw0c5dgSxrWwt1I+ZJpxtDEVbQje4svLp HlZ8dyKd1ct187zOArkmJyQM+KRK1Ijt6ROGoSThDyTV/LmpM6L8+58zFtXnHzmiPyB8/kD25aReg==</latexit><latexit sha1_base64="J6hZA1HAIvpOO5xaAj6BlYRgIT 0=">AAAB83icbVBNS8NAEN34WetX1aOXxSJ40JJIQY8FLx4r2A9oY9lsJ+3SzSbsTsQS+je8eFDEq3/Gm//GbZuDtj4YeLw 3w8y8IJHCoOt+Oyura+sbm4Wt4vbO7t5+6eCwaeJUc2jwWMa6HTADUihooEAJ7UQDiwIJrWB0M/Vbj6CNiNU9jhPwIzZQIhS coZW6XYQnzAaTXvXholcquxV3BrpMvJyUSY56r/TV7cc8jUAhl8yYjucm6GdMo+ASJsVuaiBhfMQG0LFUsQiMn81untBTq/ RpGGtbCulM/T2RsciYcRTYzojh0Cx6U/E/r5NieO1nQiUpguLzRWEqKcZ0GgDtCw0c5dgSxrWwt1I+ZJpxtDEVbQje4svLp HlZ8dyKd1ct187zOArkmJyQM+KRK1Ijt6ROGoSThDyTV/LmpM6L8+58zFtXnHzmiPyB8/kD25aReg==</latexit><latexit sha1_base64="J6hZA1HAIvpOO5xaAj6BlYRgIT 0=">AAAB83icbVBNS8NAEN34WetX1aOXxSJ40JJIQY8FLx4r2A9oY9lsJ+3SzSbsTsQS+je8eFDEq3/Gm//GbZuDtj4YeLw 3w8y8IJHCoOt+Oyura+sbm4Wt4vbO7t5+6eCwaeJUc2jwWMa6HTADUihooEAJ7UQDiwIJrWB0M/Vbj6CNiNU9jhPwIzZQIhS coZW6XYQnzAaTXvXholcquxV3BrpMvJyUSY56r/TV7cc8jUAhl8yYjucm6GdMo+ASJsVuaiBhfMQG0LFUsQiMn81untBTq/ RpGGtbCulM/T2RsciYcRTYzojh0Cx6U/E/r5NieO1nQiUpguLzRWEqKcZ0GgDtCw0c5dgSxrWwt1I+ZJpxtDEVbQje4svLp HlZ8dyKd1ct187zOArkmJyQM+KRK1Ijt6ROGoSThDyTV/LmpM6L8+58zFtXnHzmiPyB8/kD25aReg==</latexit><latexit sha1_base64="J6hZA1HAIvpOO5xaAj6BlYRgIT 0=">AAAB83icbVBNS8NAEN34WetX1aOXxSJ40JJIQY8FLx4r2A9oY9lsJ+3SzSbsTsQS+je8eFDEq3/Gm//GbZuDtj4YeLw 3w8y8IJHCoOt+Oyura+sbm4Wt4vbO7t5+6eCwaeJUc2jwWMa6HTADUihooEAJ7UQDiwIJrWB0M/Vbj6CNiNU9jhPwIzZQIhS coZW6XYQnzAaTXvXholcquxV3BrpMvJyUSY56r/TV7cc8jUAhl8yYjucm6GdMo+ASJsVuaiBhfMQG0LFUsQiMn81untBTq/ RpGGtbCulM/T2RsciYcRTYzojh0Cx6U/E/r5NieO1nQiUpguLzRWEqKcZ0GgDtCw0c5dgSxrWwt1I+ZJpxtDEVbQje4svLp HlZ8dyKd1ct187zOArkmJyQM+KRK1Ijt6ROGoSThDyTV/LmpM6L8+58zFtXnHzmiPyB8/kD25aReg==</latexit>
g+3
<latexit sha1_base64="lG6yMOd/UymGVmi1+hBk0fFsvF U=">AAAB83icbVBNS8NAEJ34WetX1aOXxSIISklU0GPBi8cK9gOaWDbbbbt0swm7E7GE/g0vHhTx6p/x5r9x2+agrQ8GHu/ NMDMvTKQw6LrfztLyyuraemGjuLm1vbNb2ttvmDjVjNdZLGPdCqnhUiheR4GStxLNaRRK3gyHNxO/+ci1EbG6x1HCg4j2leg JRtFKvo/8CbP+uHPxcNopld2KOwVZJF5OypCj1il9+d2YpRFXyCQ1pu25CQYZ1SiY5OOinxqeUDakfd62VNGImyCb3jwmx1 bpkl6sbSkkU/X3REYjY0ZRaDsjigMz703E/7x2ir3rIBMqSZErNlvUSyXBmEwCIF2hOUM5soQyLeythA2opgxtTEUbgjf/8 iJpnFc8t+LdXZarZ3kcBTiEIzgBD66gCrdQgzowSOAZXuHNSZ0X5935mLUuOfnMAfyB8/kD1wiRdw==</latexit><latexit sha1_base64="lG6yMOd/UymGVmi1+hBk0fFsvF U=">AAAB83icbVBNS8NAEJ34WetX1aOXxSIISklU0GPBi8cK9gOaWDbbbbt0swm7E7GE/g0vHhTx6p/x5r9x2+agrQ8GHu/ NMDMvTKQw6LrfztLyyuraemGjuLm1vbNb2ttvmDjVjNdZLGPdCqnhUiheR4GStxLNaRRK3gyHNxO/+ci1EbG6x1HCg4j2leg JRtFKvo/8CbP+uHPxcNopld2KOwVZJF5OypCj1il9+d2YpRFXyCQ1pu25CQYZ1SiY5OOinxqeUDakfd62VNGImyCb3jwmx1 bpkl6sbSkkU/X3REYjY0ZRaDsjigMz703E/7x2ir3rIBMqSZErNlvUSyXBmEwCIF2hOUM5soQyLeythA2opgxtTEUbgjf/8 iJpnFc8t+LdXZarZ3kcBTiEIzgBD66gCrdQgzowSOAZXuHNSZ0X5935mLUuOfnMAfyB8/kD1wiRdw==</latexit><latexit sha1_base64="lG6yMOd/UymGVmi1+hBk0fFsvF U=">AAAB83icbVBNS8NAEJ34WetX1aOXxSIISklU0GPBi8cK9gOaWDbbbbt0swm7E7GE/g0vHhTx6p/x5r9x2+agrQ8GHu/ NMDMvTKQw6LrfztLyyuraemGjuLm1vbNb2ttvmDjVjNdZLGPdCqnhUiheR4GStxLNaRRK3gyHNxO/+ci1EbG6x1HCg4j2leg JRtFKvo/8CbP+uHPxcNopld2KOwVZJF5OypCj1il9+d2YpRFXyCQ1pu25CQYZ1SiY5OOinxqeUDakfd62VNGImyCb3jwmx1 bpkl6sbSkkU/X3REYjY0ZRaDsjigMz703E/7x2ir3rIBMqSZErNlvUSyXBmEwCIF2hOUM5soQyLeythA2opgxtTEUbgjf/8 iJpnFc8t+LdXZarZ3kcBTiEIzgBD66gCrdQgzowSOAZXuHNSZ0X5935mLUuOfnMAfyB8/kD1wiRdw==</latexit><latexit sha1_base64="hP+6LrUf2d3tZaldqaQQvEKMXy w=">AAAB2XicbZDNSgMxFIXv1L86Vq1rN8EiuCozbnQpuHFZwbZCO5RM5k4bmskMyR2hDH0BF25EfC93vo3pz0JbDwQ+zkn IvSculLQUBN9ebWd3b/+gfugfNfzjk9Nmo2fz0gjsilzl5jnmFpXU2CVJCp8LgzyLFfbj6f0i77+gsTLXTzQrMMr4WMtUCk7 O6oyaraAdLMW2IVxDC9YaNb+GSS7KDDUJxa0dhEFBUcUNSaFw7g9LiwUXUz7GgUPNM7RRtRxzzi6dk7A0N+5oYkv394uKZ9 bOstjdzDhN7Ga2MP/LBiWlt1EldVESarH6KC0Vo5wtdmaJNChIzRxwYaSblYkJN1yQa8Z3HYSbG29D77odBu3wMYA6nMMFX EEIN3AHD9CBLghI4BXevYn35n2suqp569LO4I+8zx84xIo4</latexit><latexit sha1_base64="LL6kajjwYlP8fPmYasU8SepdPX o=">AAAB6HicbZBLSwMxFIXv+Ky1anXrJlgEQSgzutCl4MZlBfuAzlgy6Z02NPMguSOWoX/DjQtF/EXu/Demj4W2Hgh8nJN wb06YKWnIdb+dtfWNza3t0k55t7K3f1A9rLRMmmuBTZGqVHdCblDJBJskSWEn08jjUGE7HN1O8/YTaiPT5IHGGQYxHyQykoK TtXyf8JmKwaR3+Xjeq9bcujsTWwVvATVYqNGrfvn9VOQxJiQUN6bruRkFBdckhcJJ2c8NZlyM+AC7FhMeowmK2c4TdmqdPo tSbU9CbOb+flHw2JhxHNqbMaehWc6m5n9ZN6foOihkkuWEiZgPinLFKGXTAlhfahSkxha40NLuysSQay7I1lS2JXjLX16F1 kXdc+vevQslOIYTOAMPruAG7qABTRCQwQu8wbuTO6/Ox7yuNWfR2xH8kfP5A5i/kC8=</latexit><latexit sha1_base64="LL6kajjwYlP8fPmYasU8SepdPX o=">AAAB6HicbZBLSwMxFIXv+Ky1anXrJlgEQSgzutCl4MZlBfuAzlgy6Z02NPMguSOWoX/DjQtF/EXu/Demj4W2Hgh8nJN wb06YKWnIdb+dtfWNza3t0k55t7K3f1A9rLRMmmuBTZGqVHdCblDJBJskSWEn08jjUGE7HN1O8/YTaiPT5IHGGQYxHyQykoK TtXyf8JmKwaR3+Xjeq9bcujsTWwVvATVYqNGrfvn9VOQxJiQUN6bruRkFBdckhcJJ2c8NZlyM+AC7FhMeowmK2c4TdmqdPo tSbU9CbOb+flHw2JhxHNqbMaehWc6m5n9ZN6foOihkkuWEiZgPinLFKGXTAlhfahSkxha40NLuysSQay7I1lS2JXjLX16F1 kXdc+vevQslOIYTOAMPruAG7qABTRCQwQu8wbuTO6/Ox7yuNWfR2xH8kfP5A5i/kC8=</latexit><latexit sha1_base64="Yq/LZzbTArJ/71CrBUUmMWIMF+ k=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LBZBUEqiBz0WvHisYD+gjWWz3bRLN5uwOxFL6N/w4kERr/4Zb/4bt20O2vpg4PH eDDPzgkQKg6777RRWVtfWN4qbpa3tnd298v5B08SpZrzBYhnrdkANl0LxBgqUvJ1oTqNA8lYwupn6rUeujYjVPY4T7kd0oEQ oGEUrdbvInzAbTHqXD2e9csWtujOQZeLlpAI56r3yV7cfszTiCpmkxnQ8N0E/oxoFk3xS6qaGJ5SN6IB3LFU04sbPZjdPyI lV+iSMtS2FZKb+nshoZMw4CmxnRHFoFr2p+J/XSTG89jOhkhS5YvNFYSoJxmQaAOkLzRnKsSWUaWFvJWxINWVoYyrZELzFl 5dJ86LquVXvzq3UzvM4inAEx3AKHlxBDW6hDg1gkMAzvMKbkzovzrvzMW8tOPnMIfyB8/kD1ciRcw==</latexit><latexit sha1_base64="lG6yMOd/UymGVmi1+hBk0fFsvF U=">AAAB83icbVBNS8NAEJ34WetX1aOXxSIISklU0GPBi8cK9gOaWDbbbbt0swm7E7GE/g0vHhTx6p/x5r9x2+agrQ8GHu/ NMDMvTKQw6LrfztLyyuraemGjuLm1vbNb2ttvmDjVjNdZLGPdCqnhUiheR4GStxLNaRRK3gyHNxO/+ci1EbG6x1HCg4j2leg JRtFKvo/8CbP+uHPxcNopld2KOwVZJF5OypCj1il9+d2YpRFXyCQ1pu25CQYZ1SiY5OOinxqeUDakfd62VNGImyCb3jwmx1 bpkl6sbSkkU/X3REYjY0ZRaDsjigMz703E/7x2ir3rIBMqSZErNlvUSyXBmEwCIF2hOUM5soQyLeythA2opgxtTEUbgjf/8 iJpnFc8t+LdXZarZ3kcBTiEIzgBD66gCrdQgzowSOAZXuHNSZ0X5935mLUuOfnMAfyB8/kD1wiRdw==</latexit><latexit sha1_base64="lG6yMOd/UymGVmi1+hBk0fFsvF U=">AAAB83icbVBNS8NAEJ34WetX1aOXxSIISklU0GPBi8cK9gOaWDbbbbt0swm7E7GE/g0vHhTx6p/x5r9x2+agrQ8GHu/ NMDMvTKQw6LrfztLyyuraemGjuLm1vbNb2ttvmDjVjNdZLGPdCqnhUiheR4GStxLNaRRK3gyHNxO/+ci1EbG6x1HCg4j2leg JRtFKvo/8CbP+uHPxcNopld2KOwVZJF5OypCj1il9+d2YpRFXyCQ1pu25CQYZ1SiY5OOinxqeUDakfd62VNGImyCb3jwmx1 bpkl6sbSkkU/X3REYjY0ZRaDsjigMz703E/7x2ir3rIBMqSZErNlvUSyXBmEwCIF2hOUM5soQyLeythA2opgxtTEUbgjf/8 iJpnFc8t+LdXZarZ3kcBTiEIzgBD66gCrdQgzowSOAZXuHNSZ0X5935mLUuOfnMAfyB8/kD1wiRdw==</latexit><latexit sha1_base64="lG6yMOd/UymGVmi1+hBk0fFsvF U=">AAAB83icbVBNS8NAEJ34WetX1aOXxSIISklU0GPBi8cK9gOaWDbbbbt0swm7E7GE/g0vHhTx6p/x5r9x2+agrQ8GHu/ NMDMvTKQw6LrfztLyyuraemGjuLm1vbNb2ttvmDjVjNdZLGPdCqnhUiheR4GStxLNaRRK3gyHNxO/+ci1EbG6x1HCg4j2leg JRtFKvo/8CbP+uHPxcNopld2KOwVZJF5OypCj1il9+d2YpRFXyCQ1pu25CQYZ1SiY5OOinxqeUDakfd62VNGImyCb3jwmx1 bpkl6sbSkkU/X3REYjY0ZRaDsjigMz703E/7x2ir3rIBMqSZErNlvUSyXBmEwCIF2hOUM5soQyLeythA2opgxtTEUbgjf/8 iJpnFc8t+LdXZarZ3kcBTiEIzgBD66gCrdQgzowSOAZXuHNSZ0X5935mLUuOfnMAfyB8/kD1wiRdw==</latexit><latexit sha1_base64="lG6yMOd/UymGVmi1+hBk0fFsvF U=">AAAB83icbVBNS8NAEJ34WetX1aOXxSIISklU0GPBi8cK9gOaWDbbbbt0swm7E7GE/g0vHhTx6p/x5r9x2+agrQ8GHu/ NMDMvTKQw6LrfztLyyuraemGjuLm1vbNb2ttvmDjVjNdZLGPdCqnhUiheR4GStxLNaRRK3gyHNxO/+ci1EbG6x1HCg4j2leg JRtFKvo/8CbP+uHPxcNopld2KOwVZJF5OypCj1il9+d2YpRFXyCQ1pu25CQYZ1SiY5OOinxqeUDakfd62VNGImyCb3jwmx1 bpkl6sbSkkU/X3REYjY0ZRaDsjigMz703E/7x2ir3rIBMqSZErNlvUSyXBmEwCIF2hOUM5soQyLeythA2opgxtTEUbgjf/8 iJpnFc8t+LdXZarZ3kcBTiEIzgBD66gCrdQgzowSOAZXuHNSZ0X5935mLUuOfnMAfyB8/kD1wiRdw==</latexit><latexit sha1_base64="lG6yMOd/UymGVmi1+hBk0fFsvF U=">AAAB83icbVBNS8NAEJ34WetX1aOXxSIISklU0GPBi8cK9gOaWDbbbbt0swm7E7GE/g0vHhTx6p/x5r9x2+agrQ8GHu/ NMDMvTKQw6LrfztLyyuraemGjuLm1vbNb2ttvmDjVjNdZLGPdCqnhUiheR4GStxLNaRRK3gyHNxO/+ci1EbG6x1HCg4j2leg JRtFKvo/8CbP+uHPxcNopld2KOwVZJF5OypCj1il9+d2YpRFXyCQ1pu25CQYZ1SiY5OOinxqeUDakfd62VNGImyCb3jwmx1 bpkl6sbSkkU/X3REYjY0ZRaDsjigMz703E/7x2ir3rIBMqSZErNlvUSyXBmEwCIF2hOUM5soQyLeythA2opgxtTEUbgjf/8 iJpnFc8t+LdXZarZ3kcBTiEIzgBD66gCrdQgzowSOAZXuHNSZ0X5935mLUuOfnMAfyB8/kD1wiRdw==</latexit><latexit sha1_base64="lG6yMOd/UymGVmi1+hBk0fFsvF U=">AAAB83icbVBNS8NAEJ34WetX1aOXxSIISklU0GPBi8cK9gOaWDbbbbt0swm7E7GE/g0vHhTx6p/x5r9x2+agrQ8GHu/ NMDMvTKQw6LrfztLyyuraemGjuLm1vbNb2ttvmDjVjNdZLGPdCqnhUiheR4GStxLNaRRK3gyHNxO/+ci1EbG6x1HCg4j2leg JRtFKvo/8CbP+uHPxcNopld2KOwVZJF5OypCj1il9+d2YpRFXyCQ1pu25CQYZ1SiY5OOinxqeUDakfd62VNGImyCb3jwmx1 bpkl6sbSkkU/X3REYjY0ZRaDsjigMz703E/7x2ir3rIBMqSZErNlvUSyXBmEwCIF2hOUM5soQyLeythA2opgxtTEUbgjf/8 iJpnFc8t+LdXZarZ3kcBTiEIzgBD66gCrdQgzowSOAZXuHNSZ0X5935mLUuOfnMAfyB8/kD1wiRdw==</latexit>
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<latexit sha1_base64="GXoPaG1+TGx7ZBviUSGrM7Qs56 Y=">AAAB83icbVBNS8NAEN34WetX1aOXxSIISkmkoMeCF48V7Ae0sWy2k3bpZhN2J2IJ/RtePCji1T/jzX/jts1BWx8MPN6 bYWZekEhh0HW/nZXVtfWNzcJWcXtnd2+/dHDYNHGqOTR4LGPdDpgBKRQ0UKCEdqKBRYGEVjC6mfqtR9BGxOoexwn4ERsoEQr O0ErdLsITZoNJr/pw3iuV3Yo7A10mXk7KJEe9V/rq9mOeRqCQS2ZMx3MT9DOmUXAJk2I3NZAwPmID6FiqWATGz2Y3T+ipVf o0jLUthXSm/p7IWGTMOApsZ8RwaBa9qfif10kxvPYzoZIUQfH5ojCVFGM6DYD2hQaOcmwJ41rYWykfMs042piKNgRv8eVl0 ryseG7Fu6uWaxd5HAVyTE7IGfHIFamRW1InDcJJQp7JK3lzUufFeXc+5q0rTj5zRP7A+fwB2I6ReA==</latexit><latexit sha1_base64="GXoPaG1+TGx7ZBviUSGrM7Qs56 Y=">AAAB83icbVBNS8NAEN34WetX1aOXxSIISkmkoMeCF48V7Ae0sWy2k3bpZhN2J2IJ/RtePCji1T/jzX/jts1BWx8MPN6 bYWZekEhh0HW/nZXVtfWNzcJWcXtnd2+/dHDYNHGqOTR4LGPdDpgBKRQ0UKCEdqKBRYGEVjC6mfqtR9BGxOoexwn4ERsoEQr O0ErdLsITZoNJr/pw3iuV3Yo7A10mXk7KJEe9V/rq9mOeRqCQS2ZMx3MT9DOmUXAJk2I3NZAwPmID6FiqWATGz2Y3T+ipVf o0jLUthXSm/p7IWGTMOApsZ8RwaBa9qfif10kxvPYzoZIUQfH5ojCVFGM6DYD2hQaOcmwJ41rYWykfMs042piKNgRv8eVl0 ryseG7Fu6uWaxd5HAVyTE7IGfHIFamRW1InDcJJQp7JK3lzUufFeXc+5q0rTj5zRP7A+fwB2I6ReA==</latexit><latexit sha1_base64="GXoPaG1+TGx7ZBviUSGrM7Qs56 Y=">AAAB83icbVBNS8NAEN34WetX1aOXxSIISkmkoMeCF48V7Ae0sWy2k3bpZhN2J2IJ/RtePCji1T/jzX/jts1BWx8MPN6 bYWZekEhh0HW/nZXVtfWNzcJWcXtnd2+/dHDYNHGqOTR4LGPdDpgBKRQ0UKCEdqKBRYGEVjC6mfqtR9BGxOoexwn4ERsoEQr O0ErdLsITZoNJr/pw3iuV3Yo7A10mXk7KJEe9V/rq9mOeRqCQS2ZMx3MT9DOmUXAJk2I3NZAwPmID6FiqWATGz2Y3T+ipVf o0jLUthXSm/p7IWGTMOApsZ8RwaBa9qfif10kxvPYzoZIUQfH5ojCVFGM6DYD2hQaOcmwJ41rYWykfMs042piKNgRv8eVl0 ryseG7Fu6uWaxd5HAVyTE7IGfHIFamRW1InDcJJQp7JK3lzUufFeXc+5q0rTj5zRP7A+fwB2I6ReA==</latexit><latexit sha1_base64="GXoPaG1+TGx7ZBviUSGrM7Qs56 Y=">AAAB83icbVBNS8NAEN34WetX1aOXxSIISkmkoMeCF48V7Ae0sWy2k3bpZhN2J2IJ/RtePCji1T/jzX/jts1BWx8MPN6 bYWZekEhh0HW/nZXVtfWNzcJWcXtnd2+/dHDYNHGqOTR4LGPdDpgBKRQ0UKCEdqKBRYGEVjC6mfqtR9BGxOoexwn4ERsoEQr O0ErdLsITZoNJr/pw3iuV3Yo7A10mXk7KJEe9V/rq9mOeRqCQS2ZMx3MT9DOmUXAJk2I3NZAwPmID6FiqWATGz2Y3T+ipVf o0jLUthXSm/p7IWGTMOApsZ8RwaBa9qfif10kxvPYzoZIUQfH5ojCVFGM6DYD2hQaOcmwJ41rYWykfMs042piKNgRv8eVl0 ryseG7Fu6uWaxd5HAVyTE7IGfHIFamRW1InDcJJQp7JK3lzUufFeXc+5q0rTj5zRP7A+fwB2I6ReA==</latexit>
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<latexit sha1_base64="9iyybuuuiYMe7iC3GCFIlq5sKi U=">AAAB83icbVBNS8NAEJ34WetX1aOXxSIISklE0WPBi8cK9gOaWDbbbbt0swm7E7GE/g0vHhTx6p/x5r9x2+agrQ8GHu/ NMDMvTKQw6LrfztLyyuraemGjuLm1vbNb2ttvmDjVjNdZLGPdCqnhUiheR4GStxLNaRRK3gyHNxO/+ci1EbG6x1HCg4j2leg JRtFKvo/8CbP+uHP5cNopld2KOwVZJF5OypCj1il9+d2YpRFXyCQ1pu25CQYZ1SiY5OOinxqeUDakfd62VNGImyCb3jwmx1 bpkl6sbSkkU/X3REYjY0ZRaDsjigMz703E/7x2ir3rIBMqSZErNlvUSyXBmEwCIF2hOUM5soQyLeythA2opgxtTEUbgjf/8 iJpnFc8t+LdXZSrZ3kcBTiEIzgBD66gCrdQgzowSOAZXuHNSZ0X5935mLUuOfnMAfyB8/kD2hSReQ==</latexit><latexit sha1_base64="9iyybuuuiYMe7iC3GCFIlq5sKi U=">AAAB83icbVBNS8NAEJ34WetX1aOXxSIISklE0WPBi8cK9gOaWDbbbbt0swm7E7GE/g0vHhTx6p/x5r9x2+agrQ8GHu/ NMDMvTKQw6LrfztLyyuraemGjuLm1vbNb2ttvmDjVjNdZLGPdCqnhUiheR4GStxLNaRRK3gyHNxO/+ci1EbG6x1HCg4j2leg JRtFKvo/8CbP+uHP5cNopld2KOwVZJF5OypCj1il9+d2YpRFXyCQ1pu25CQYZ1SiY5OOinxqeUDakfd62VNGImyCb3jwmx1 bpkl6sbSkkU/X3REYjY0ZRaDsjigMz703E/7x2ir3rIBMqSZErNlvUSyXBmEwCIF2hOUM5soQyLeythA2opgxtTEUbgjf/8 iJpnFc8t+LdXZSrZ3kcBTiEIzgBD66gCrdQgzowSOAZXuHNSZ0X5935mLUuOfnMAfyB8/kD2hSReQ==</latexit><latexit sha1_base64="9iyybuuuiYMe7iC3GCFIlq5sKi U=">AAAB83icbVBNS8NAEJ34WetX1aOXxSIISklE0WPBi8cK9gOaWDbbbbt0swm7E7GE/g0vHhTx6p/x5r9x2+agrQ8GHu/ NMDMvTKQw6LrfztLyyuraemGjuLm1vbNb2ttvmDjVjNdZLGPdCqnhUiheR4GStxLNaRRK3gyHNxO/+ci1EbG6x1HCg4j2leg JRtFKvo/8CbP+uHP5cNopld2KOwVZJF5OypCj1il9+d2YpRFXyCQ1pu25CQYZ1SiY5OOinxqeUDakfd62VNGImyCb3jwmx1 bpkl6sbSkkU/X3REYjY0ZRaDsjigMz703E/7x2ir3rIBMqSZErNlvUSyXBmEwCIF2hOUM5soQyLeythA2opgxtTEUbgjf/8 iJpnFc8t+LdXZSrZ3kcBTiEIzgBD66gCrdQgzowSOAZXuHNSZ0X5935mLUuOfnMAfyB8/kD2hSReQ==</latexit><latexit sha1_base64="9iyybuuuiYMe7iC3GCFIlq5sKi U=">AAAB83icbVBNS8NAEJ34WetX1aOXxSIISklE0WPBi8cK9gOaWDbbbbt0swm7E7GE/g0vHhTx6p/x5r9x2+agrQ8GHu/ NMDMvTKQw6LrfztLyyuraemGjuLm1vbNb2ttvmDjVjNdZLGPdCqnhUiheR4GStxLNaRRK3gyHNxO/+ci1EbG6x1HCg4j2leg JRtFKvo/8CbP+uHP5cNopld2KOwVZJF5OypCj1il9+d2YpRFXyCQ1pu25CQYZ1SiY5OOinxqeUDakfd62VNGImyCb3jwmx1 bpkl6sbSkkU/X3REYjY0ZRaDsjigMz703E/7x2ir3rIBMqSZErNlvUSyXBmEwCIF2hOUM5soQyLeythA2opgxtTEUbgjf/8 iJpnFc8t+LdXZSrZ3kcBTiEIzgBD66gCrdQgzowSOAZXuHNSZ0X5935mLUuOfnMAfyB8/kD2hSReQ==</latexit>
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above notations are omitted. In what follows, we present some useful properties of AGn, which105
will be adopted later.106
Lemma 3. (see [19]) For AGn with n > 4, the following properties hold:107
(1) There are (n   2)! external edges between every two distinct subgraphs AGin and AGjn for108
i, j 2 Zn with i 6= j.109
(2) The two out-neighbors of every vertex of AGn are contained in di↵erent subgraphs.110
(3) If u, v are two nonadjacent vertices of AGn, then |N(u) \N(v)| 6 2.111
Lemma 4. For AGn with n > 4, the following statements hold.112
(1) Let S = {v0, v1, v2} be an independent set of AGn. Then, |N(S)| > 6n  16.113
(2) Lst S = {v0, v1, v2, v3} be an independent set of AGn. Then, |N(S)| > 8n  24.114
Proof. Since AGn is vertex-transitive, one may choose v0 = e, i.e., the identity permutation.115
Since AGn is (2n  4)-regular, if S = {v0, v1, v2} (resp., S = {v0, v1, v2, v3}) and there exists no116
common neighbor between any two vertices vi and vj , then |N(S)| = 3(2n   4) = 6n   12 >117
6n 16 (resp., |N(S)| = 4(2n 4) = 8n 16 > 8n 24), as required. In what follows, we assume118
thatN(e)\N(S\{e}) 6= ; and letN+ = {eg+i : i 2 Zn\{1, 2}} andN  = {eg i : i 2 Zn\{1, 2}}.119
Clearly, N(e) = N+[N  and every vertex in N(e) has the symbol 1, 2 or n at the last position.120
We further define121
N++={(eg+i )g+j : i, j 2 Zn\{1, 2} and i 6= j},N+ ={(eg+i )g j : i, j 2 Zn\{1, 2} and i 6= j},122
N +={(eg i )g+j : i, j 2 Zn\{1, 2} and i 6= j},N  ={(eg i )g j : i, j 2 Zn\{1, 2} and i 6= j}.123
Since (eg+i )g
+
j = (eg
 
j )g
 
i , the two sets N
++ and N   are identical. If x = (eg+i )g
+
j = (eg
 
j )g
 
i ,124
then x has the symbol j at the first position and symbol i at the second position (see Fig. 2(a)125
for an illustration). In this case, we have N(e) \ N(x) = {eg+i , eg j }, which meets the upper126
bound of Lemma 3(3). We claim127
“For any two distinct vertices x, y 2 N++, |N(x) \ N(y)| 6 1. Moreover, if z 2128
N(x) \N(y), then z 2 N(e).”129
Let x = (x1x2 · · ·xn) = (eg+i )g+j and y = (y1y2 · · · yn) = (eg+i0 )g+j0 . Consider the following130
situations:131
If i = i0 and j 6= j0, then x1 = j 6= j0 = y1 and x2 = y2 = i. Since if there exists a common132
neighbor of x and y, say z, the z = xg j = yg
 
j0 . Thus, z = eg
+
i 2 N+ (see Fig. 2, an example133
of x = 43215, y = 53241 and z = 31245).134
If i 6= i0 and j = j0, then x1 = y1 = j and x2 = i 6= i0 = y2. Since if there exists a common135
neighbor of x and y, say z, then z = xg i = yg
 
i0 . In this case, z = eg
 
j 2 N  (see Fig. 2, an136
example of x = 43215, y = 45312 and z = 24315).137
If i 6= i0 and j 6= j0, then x1 = j 6= j0 = y1 and x2 = i 6= i0 = y2. Clearly, N(x) \N(y) = ;138
(see Fig. 2, an example of x = 43215 and y = 454321).139
On the other hand, the two sets N+  and N + are not identical. In fact, every vertex in140
N+  has the symbol 1 at the first position, and every vertex in N + has the symbol 2 at the141
second position (see Fig. 2(b) for an illustration). Thus, both N+  and N + are independent142
sets. Also, if x 2 N+  or x 2 N +, then |N(e) \ N(x)| = 1. Let Ni,j = N(vi) \ N(vj) for143
vi, vj 2 S. Consider the following conditions:144
Case 1: S = {v0, v1, v2}. Since N(v0) \N(S \ {v0}) 6= ;, at least one vertex vi for i = 1, 2145
belongs to the sets N++ [ N+  [ N +. If v1, v2 2 N+  [ N +, then |N0,1| = |N0,2| = 1.146
4
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(a) (b)
Fig. 3: Illustration of Lemma 2.6, where each operation g+i or g
−
i is attached to an edge between
vertices (from left to right).
((eg+i′ )g
+
j′)g
−
j′ = yg
−
j′ . Thus, z = eg
+
i ∈ N+ (see, e.g., x = 14235, y = 53241 and z = 31245 in
Fig. 3); (iii) i 6= i′. In this case, it is clear that N(x) ∩N(y) = ∅. This settles Claim 3.
We are now ready to conclude the proof of the lemma. Let v0 = e and Ni,j = N(vi)∩N(vj)
for any tow vertices vi, vj ∈ S. Consider the following conditions:
For (1), let S = {v0, v1, v2}. Since N(v0)∩N(S \{v0}) 6= ∅, at least one vertex vi for i = 1, 2
belongs to the sets N++ ∪ N+− ∪ N−+. If v1, v2 ∈ N+− ∪ N−+, then |N0,1| = |N0,2| = 1.
Since |N1,2| 6 2 by Lemma 2.1(3), it implies |N0,1 ∪ N0,2 ∪ N1,2| 6 4. If v1, v2 ∈ N++, then
|N0,1| = |N0,2| = 2. By Claim 1, we have N1,2 ⊂ N0,1 ∪N0,2. Thus, |N0,1 ∪N0,2 ∪N1,2| 6 4. If
v1 ∈ N+− ∪ N−+ and v2 ∈ N++ (resp., v2 ∈ N+− ∪ N−+ and v1 ∈ N++), by Claim 3 either
v1 and v2 are adjacent, which contradicts that S is an independent set, or |N1,2| 6 1. Since
|N1,2| 6 1 = |N0,1| and |N0,2| = 2, it follows that |N0,1 ∪N0,2 ∪N1,2| 6 4. Therefore, we have
|N(S)| = 3(2n− 4)−|N0,1∪N0,2∪N1,2| > 6n− 16 for all above situations. Also, it is clear that
if v1 /∈ N++ ∪N+− ∪N−+ or v2 /∈ N++ ∪N+− ∪N−+, then |N(S)| > 6n− 16.
For (2), let S = {v0, v1, v2, v3}. Since N(v0) ∩ N(S \ {v0}) 6= ∅, at least one vertex vi for
i = 1, 2, 3 belongs to the sets N++ ∪N+− ∪N−+. Let I = Z3 ∪ {0} and J = |
⋃
i,j∈I,i 6=j Ni,j |.
If v1, v2, v3 ∈ N++, then |N0,i| = 2 for i ∈ Z3 and Ni,j ⊂ N0,i ∪N0,j for i, j ∈ Z3 and i 6= j (by
Claim 1). Thus, J = 6. If v1, v2 ∈ N++ and v3 ∈ N+− ∪ N−+, we have |N0,1| = |N0,2| = 2,
|N0,3| = 1, N1,2 ⊂ N0,1 ∪N0,2 (by Claim 1), and |N1,3|, |N2,3| 6 1 (by Claim 3). Thus, J 6 7.
If v1 ∈ N++ and v2, v3 ∈ N+− (resp., v1 ∈ N++ and v2, v3 ∈ N−+), we have |N0,1| = 2,
|N0,2| = |N0,3| = 1, |N2,3| 6 1 (by Claim 2), and |N1,2|, |N1,3| 6 1 (by Claim 3). Thus, J 6 7.
If v1 ∈ N++, v2 ∈ N+− and v3 ∈ N−+, we have |N0,1| = 2, |N0,2| = |N0,3| = 1, |N2,3| 6 2
(by Lemma 2.1(3)), and |N1,2|, |N1,3| 6 1 (by Claim 3). Thus, J 6 8. If v1, v2, v3 ∈ N+−
(resp., v1, v2, v3 ∈ N−+), then |N0,i| = 1 for i ∈ Z3 and |Ni,j | 6 1 for i, j ∈ Z3 and i 6= j
(by Claim 2). Thus, J 6 6. If v1, v2 ∈ N+− and v3 ∈ N−+ (resp., v1, v2 ∈ N−+ and
v3 ∈ N+−), we have |N0,i| = 1 for i ∈ Z3, |N1,2| 6 1 (by Claim 2), and |N1,3|, |N2,3| 6 2
(by Lemma 2.1(3)). Thus, J 6 8. Therefore, we have |N(S)| = 4(2n − 4) − J > 8n − 24 for
all above situations. Also, if vi /∈ N++ ∪ N+− ∪ N−+ for any i ∈ Z3, by Case 1, we have
7
|N(S)| = |N(S \ {vi})|+ |N(vi)| > (6n− 16) + (2n− 4) > 8n− 24. 
Form Fig. 1 it easy to check that the set S = {e = 1234, (eg+3 )g+4 = 4321, (eg+4 )g+3 =
3412} (resp., S = {e = 1234, (eg+3 )g+4 = 4321, (eg+4 )g+3 = 3412, ((eg+4 )g−3 )g+4 = 2143}) is an
independent set of AG4 such that N(S) = 8. Clearly, these examples show that the bounds on
the assertions of Lemma 2.6 are tight for n = 4. Indeed, based on this observation, the following
properties can easily be proved by induction on n.
Remark 2.1. For n > 4, the following assertions hold:
(1) The set S = {e, (eg+i )g+j , (eg+j )g+i } for i, j ∈ Zn \ {1, 2} and i 6= j is an independent set
such that N(S) = 6n− 16.
(2) The set S = {e, (eg+i )g+j , (eg+j )g+i , ((eg+j )g−i )g+j } for i, j ∈ Zn \ {1, 2} and i 6= j is an
independent set such that N(S) = 8n− 24.
2.2 Split-stars and their properties
Lemma 2.7. (see [11,13,14]) For S2n with n > 4, the following properties hold:
(1) S2n is (2n− 3)-regular and κ(S2n) = 2n− 3 for n > 2.
(2) The two out-neighbors of every vertex in S2:in are contained in different subgraphs and
these two out-neighbors are adjacent. For any two vertices in the same subgraph S2:in ,
their out-neighbors in other subgraphs are different. There are 2(n − 2)! external edges
between any two distinct subgraphs S2:in and S
2:j
n for i, j ∈ Zn and i 6= j.
(3) If x, y are any two vertices of S2n, then
|N(x) ∩N(y)| 6

1 if d(x, y) = 1;
2 if d(x, y) = 2;
0 if d(x, y) > 3,
where d(x, y) stands for the the distance (i.e., the number of edges in a shortest path)
between x and y in S2n.
Lemma 2.8. (see [11]) For n > 4, if F is a vertex-cut of S2n with |F | 6 4n− 8, then one of the
following conditions holds:
(1) S2n − F has two components, one of which is a singleton.
(2) S2n − F has two components, one of which is an edge, say (u, v). If (u, v) is a 2-exchange
edge, then |F | = |N({u, v})| = 4n − 8; otherwise, F = F1 ∪ F2, where F1 = N({u, v}),
|N(u) ∩N(v)| = 1, and |F2| 6 1.
(3) S2n − F has three components, two of which are singletons, say u and v. Moreover, F =
N(u) ∪N(v) and |N(u) ∩N(v)| = 2, hence |F | = 4n− 8.
Lemma 2.9. (see [29]) For n > 5, if F is a vertex-cut of S2n with |F | 6 6n − 17, then one of
the following conditions holds:
(1) S2n − F has two components, one of which is a singleton, an edge or a 2-path.
(2) S2n − F has three components, two of which are singletons.
Lemma 2.10. (see [29]) For n > 5, if F is a vertex-cut of S2n with |F | 6 8n− 25, then one of
the following conditions holds:
(1) S2n − F has two components, one of which is a singleton, an edge, a 2-path or a 3-cycle.
(2) S2n − F has three components, two of which are singletons or a singleton and an edge.
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(3) S2n − F has four components, three of which are singletons.
Lemma 2.11. Let S be an independent set of S2n for n > 4. Then the following assertions hold.
(1) If |S| = 2, then |N(S)| > 4n− 8.
(2) If |S| = 3, then |N(S)| > 6n− 14.
(3) If |S| = 4, then |N(S)| > 8n− 20.
Proof. Recall that S2n contains two copies of AGn, namely S
2
n,E and S
2
n,O. For notational
convenience, we simply write NS2n(U), NS2n,E
(U) and NS2n,O
(U) as N(U), NE(U) and NO(U) for
any subset of vertices U ⊂ V (S2n), respectively. Consider the following conditions:
For (1), let S = {v1, v2}. By Lemma 2.7(3), v1 and v2 has at most two common neighbors,
|N(S)| = |N(v1)|+ |N(v2)| − |N(v1) ∩N(v2)| > 2(2n− 3)− 2 = 4n− 8.
For (2), let S = {v1, v2, v3}. We consider the following cases.
Case 2.1: Three vertices v1, v2, v3 are contained in a common subgraph. Without loss
of generality, assume v1, v2, v3 ∈ S2n,E . Since S2n,E is isomorphic to AGn, by Lemma 2.6(1),
|NE(S)| > 6n − 16. Since each vertex of {v1, v2, v3} is joined a neighbor by a matching edge,
we have |N(S)| = |NE(S)|+ |NO(S)| > (6n− 16) + 3 > 6n− 14.
Case 2.2: Three vertices v1, v2, v3 are distributed in two distinct subgraphs. Without loss
of generality, assume v1, v2 ∈ S2n,E and v3 ∈ S2n,O. Since both S2n,E and S2n,O are isomorphic to
AGn, by Lemma 2.1(3), |NE({v1, v2})| > 2(2n− 4)− 2 = 4n− 10 and |NE(v3)| = 2n− 4. Thus,
|N(S)| > |NE({v1, v2})|+ |NO(v3)| > (4n− 10) + (2n− 4) = 6n− 14.
For (3), let S = {v1, v2, v3, v4}. We consider the following cases.
Case 3.1: Four vertices v1, v2, v3, v4 are contained in a common subgraph. Without loss of
generality, assume v1, v2, v3, v4 ∈ S2n,E . Since S2n,E is isomorphic to AGn, by Lemma 2.6(2),
|NE(S)| > 8n − 24. Since each vertex of {v1, v2, v3} is joined a neighbor by a matching edge,
we have |N(S)| = |NE(S)|+ |NO(S) > (8n− 24) + 4 = 8n− 20.
Case 3.2: Four vertices v1, v2, v3, v4 are distributed equally in two distinct subgraphs. With-
out loss of generality, assume v1, v2 ∈ S2n,E and v3, v4 ∈ S2n,O. By Lemma 2.1(3), |NE({v1, v2})| =
|NO({v3, v4})| > 2(2n − 4) − 2 = 4n − 10. Thus, |N(S)| > |NE({v1, v2})| + |NO({v3, v4})| >
8n− 20.
Case 3.3: Four vertices v1, v2, v3, v4 are distributed nonequally in two distinct subgraphs.
Without loss of generality, assume v1, v2, v3 ∈ S2n,E and v4 ∈ S2n,O. Since both S2n,E and S2n,O
are isomorphic to AGn, by Lemma 2.6(1), |NE({v1, v2, v3})| > 6n− 16 and |NO(v4)| = 2n− 4.
Thus, |N(S)| > |NE({v1, v2, v3})|+ |NO({v4})| > 8n− 20. 
3 The `-component connectivity of AGn for ` ∈ {3, 4, 5}
Lemma 3.1. For n > 4, κ3(AGn) = 4n− 10.
Proof. By Lemma 2.2, if F is a vertex-cut with |F | 6 4n − 11, then AGn − F has exact two
components. Thus, κ3(AGn) > 4n − 10. We now prove κ3(AGn) 6 4n − 10 as follows. For
n > 4, since AGn is pancyclic, let (w, x, y, z, w) be a 4-cycle. Also, let F = N({w, y}). By
Lemma 2.1(3), we have N(w)∩N(y) = {x, z}. Since every vertex of AGn has 2n− 4 neighbors
and w and y share exactly two common neighbors, we have |F | = 2(2n−4)−2 = 4n−10. Clearly,
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the removal of F from AGn results in a surviving graph with a large connected component and
two singletons w and y. This attains the upper bound. 
Suppose that S is an independent set with the maximum cardinality in AG4 and let F =
V (AG4) \ S. Obviously, |S| = 4 (e.g., S = {1234, 2143, 3412, 4321}) and F is a vertex-cut of
AG4. Thus, κ4(AG4) 6 8. From the maximality of S, if we choose a vertex u ∈ S, the remaining
three vertices of S are determined involuntary. Since AG4 is vertex-transitive, F is the unique
vertex-cut of size 8 (up to isomorphism) in AG4 such that AG4−F has four components. Thus,
there is no vertex-cut F with |F | 6 7 such that AG4−F contains four components. This shows
that κ4(AG4) > 8. As a result, we have the following lemma.
Lemma 3.2. κ4(AG4) = 8.
We denote by c(G) the number of components in a graph G. Hereafter, we suppose that F is
a vertex-cut of AGn and, for convenience, vertices in F (resp., not in F ) are called faulty vertices
(resp., fault-free vertices). For each i ∈ Zn, let Fi = F ∩ V (AGin), Gi = AGin − Fi, fi = |Fi|,
and c(Gi) be the number of components of Gi. Also, let I = {i ∈ Zn : Gi is disconnected} and
J = Zn \ I. In addition, we adopt the following notations:
FI =
⋃
i∈I
Fi, FJ =
⋃
j∈J
Fj , AG
I
n =
⋃
i∈I
AGin, and AG
J
n =
⋃
j∈J
AGjn.
Lemma 3.3. κ4(AG5) > 14.
Proof. Let F be a vertex-cut of AG5 with |F | 6 13. Since each subgraph AGi5 is isomorphic
to AG4, we have κ(AG
i
5) = 4. If |I| > 4, then |F | > 4|I| > 16, a contradiction. Thus, |I| 6 3.
By the definition of J , Gj is connected for j ∈ J . If I = ∅, then J = Z5. By Lemma 2.1(1),
there are (5 − 2)! = 6 independent edges between AGi5 and AGj5 for i, j ∈ J with i 6= j. Since
|F | 6 13 < 3×(5−2)!, every Gi is connected to at least two subgraphs Gj and Gk for j, k ∈ J\{i}
when I = ∅. This further implies that AG5 − F is connected, a contradiction. So, 1 6 |I| 6 3.
Let H be the union of components of AG5 − F such that all vertices of H are contained in⋃
i∈I V (Gi). We claim that AG
J
5 − FJ is connected and c(H) 6 2. Thus, counting together
with the component that contains AGJ5 − FJ as a subgraph, AG5 − F contains c(H) + 1 6 3
components and the result follows. We now prove our claim by the following three cases:
Case 1: |I| = 1. Without loss of generality, assume I = {1}. In this case, G1 is disconnected
and f1 > κ(AG15) = 4. By Lemma 2.1(1), since |FJ | = |F | − f1 6 13 − 4 = 9 < 2 × (5 − 2)!,
every Gi for i ∈ J is connected to at least two subgraphs Gj and Gk for j, k ∈ J \ {i}. This
further implies that AGJ5 − FJ is connected. By the definition of H, we have V (H) ⊆ V (G1)
and H is not connected to AGJ5 − FJ . Since by Lemma 2.1(2) every vertex of H has exactly
two faulty out-neighbors in FJ , 2|V (H)| 6 |FJ | 6 9, which implies |V (H)| 6 4. If |V (H)| = 4,
then |F | − f1 = |FJ | > 2|V (H)| = 8. It follows that f1 6 |F | − 8 6 13 − 8 = 5 = 4 × 4 − 11.
By Lemma 2.2, G1 has two components, and thus c(H) 6 c(G1) = 2. If |V (H)| = 3, then
c(H) 6 2. Otherwise, H contains three singletons (i.e., an independent set of three vertices),
and by Lemma 2.6(1), |F | > |NAG5(V (H))| > 6 × 5 − 16 = 14, a contradiction. Also, if
|V (H)| 6 2, it is clear that c(H) 6 |V (H)| 6 2.
Case 2: |I| = 2. Without loss of generality, assume I = {1, 2}. Then, both G1 and G2 are
disconnected graphs and f1, f2 > 4. By Lemma 2.1(1), since |FJ | = |F | − f1 − f2 6 13 − 8 =
5 < (5− 2)!, AGJ5 − FJ is connected. There are two subcases as follows:
Case 2.1: f1, f2 ∈ {4, 5}. For i ∈ {1, 2}, since fi 6 4× 4− 11, by Lemma 2.2, there are four
situations as follows: (i) Gi contains a singleton and a larger component that is connected to
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AGJ5 −FJ ; (ii) Gi contains an edge and a larger component that is connected to AGJ5 −FJ ; (iii)
Gi contains two disjoint 4-cycles; and (iv) Gi contains a 4-cycle and a 2-path. By Lemma 2.1(2),
every vertex of V (Gi) has exactly two out-neighbors. In the latter two situations, since |FJ |+
fj 6 5 + 5 = 10 < 2|V (Gi)| where j ∈ I \ {i}, it implies that at least one component of Gi must
be connected to AGJ5 − FJ . Thus, H contains at most one component of Gi for i = 1, 2. This
shows that c(H) 6 2.
Case 2.2: f1 > 6 (resp., f2 > 6). Then |FJ | = |F | − f1 − f2 6 13 − 6 − 4 = 3. By
Lemma 2.1(2), if a vertex u ∈ Fj have two fault-free out-neighbors, say u1 and u2, in H, then
u1 ∈ V (G1) and u2 ∈ V (G2). In this case, the vertex u must be the form with a permutation
12 · · · k where k ∈ J . Clearly, u1 = 2k · · · 1 and u2 = k1 · · · 2. So u1 and u2 are adjacent in H.
Since |FJ | 6 3, H contains at most three components, say Hi for i = 1, 2, 3 if they exist. Now,
we show that c(H) 6 2 by contradiction. Suppose that there exists a vertex vi ∈ V (Hi) for
every i ∈ {1, 2, 3}. Since Hi and Hj are not connected in H for any i, j ∈ {1, 2, 3} with i 6= j,
{v1, v2, v3} is an independent set of AG5. Clearly, NAG5(V (Hi)) is a vertex-cut of AG5 for
each i ∈ {1, 2, 3}. Since AG5 is hyper-connected, |NAG5(V (Hi))| > κ(AG5) = |NAG5(vi)|. By
Lemma 2.6(1), |F | > |NAG5(V (H1)∪V (H2)∪V (H3))| > |NAG5({v1, v2, v3})| > 6×5−16 = 14,
a contradiction.
Case 3: |I| = 3. Without loss of generality, assume I = {1, 2, 3}. Since |F | 6 13 and fi > 4
for i ∈ I, it implies |FJ | = |F | − f1 − f2 − f3 6 13− 3× 4 = 1. By Lemma 2.1(1), AGJ5 − FJ is
connected. Also, we have fi 6 |F | − fj − fk 6 13− 4− 4 = 5 for each i ∈ I where j, k ∈ I \ {i}
with j 6= k. Since fi ∈ {4, 5}, through an argument similar to Case 2.1, we can show that H
contains at most one component of Gi, say Hi if it exists, for i = 1, 2, 3. If any two Hi and
Hj are connected in H for i, j ∈ I, then c(H) 6 2. Otherwise, through an argument similar to
Case 2.2 by considering an independent set {v1, v2, v3} where vi ∈ V (Hi), we can show that at
least one component Hi for i ∈ I does not exist. Thus, c(H) 6 2. 
Lemma 3.4. For n > 4, κ4(AGn) = 6n− 16.
Proof. If n = 4, the result is proved in Lemma 3.2. For n > 5, the upper bound κ4(AGn) 6
6n−16 can be acquired from Remark 2.1(1) by considering the removal of N({v0, v1, v2}), where
{v0, v1, v2} is an independent set of AGn and |N({v0, v1, v2})| = 6n − 16. Thus, the resulting
graph has four components, three of which are singletons. Lemma 3.3 proves the lower bound
κ4(AGn) > 6n− 16 for n = 5, and we now consider n > 6 as follows.
Let F be any vertex-cut of AGn such that |F | 6 6n−17. Lemma 2.4 shows that the removal
of a vertex-cut with no more than 6n− 19 vertices in AGn results in a disconnected graph with
at most three components. To complete the proof, we need to show that the same result holds
when 6n − 18 6 |F | 6 6n − 17. Recall I = {i ∈ Zn : Gi is disconnected} and J = Zn \ I.
By definition, Gj is connected for all j ∈ J . Since |F | 6 6n − 17 < (n − 2)! when n > 6,
AGJn − FJ remains connected for arbitrary J . Since AGin is isomorphic to AGn−1, we have
κ(AGin) = 2n − 6. If |I| > 4, then |F | > |I| × (2n − 6) > 8n − 24 > 6n − 17, a contradiction.
Also, if I = ∅, then AGn − F is connected, a contradiction. Thus, 1 6 |I| 6 3. Let H be the
union of components of AGn − F such that all vertices of H are contained in
⋃
i∈I V (Gi). In
the following, we will show that c(H) 6 2. Thus, counting together with the component that
contains AGJn − FJ as a subgraph, AGn − F contains c(H) + 1 6 3 components. We consider
the following three cases:
Case 1: |I| = 1. Without loss of generality, assume I = {1}. In this case, V (H) ⊆ V (G1).
We analyze the number of faulty vertices of FJ as follows. For |FJ | 6 7, since every vertex of H
has exactly two faulty out-neighbors in FJ by Lemma 2.1(2), 2|V (H)| 6 |FJ | 6 7, which implies
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|V (H)| 6 3. If |V (H1)| = 3, then c(H) 6 2. Otherwise, H1 contains three singletons (i.e., an
independent set of three vertices), and by Lemma 2.6(1), |F | > |NAGn(V (H))| > 6n − 16, a
contradiction. Also, if |V (H)| 6 2, it is clear that c(H) 6 |V (H)| 6 2. On the other hand,
we consider |FJ | > 8. Since F1 is a vertex-cut of AG1n and f1 = |F | − |FJ | 6 (6n − 17) − 8 =
6(n − 1) − 19, by Lemma 2.4, G1 contains at most three components in which the largest
component is connected to AGJn − FJ . Thus, c(G1) 6 3 and c(H) = c(G1)− 1 6 2.
Case 2: |I| = 2. Without loss of generality, assume I = {1, 2}. If f1 > 4n − 14 or
f2 > 4n−14, then |FJ | = |F |−f1−f2 6 (6n−17)− (4n−14)− (2n−6) = 3. By Lemma 2.1(2),
every vertex of H has at least one faulty out-neighbor in FJ . Thus, c(H) 6 |V (H)| 6 |FJ | 6 3.
If c(H) = 3, then each component is a singleton. By Lemma 2.6(1), |F | > N(H) > 6n − 16,
a contradiction. Thus c(H) 6 2. We now consider f1, f2 6 4n − 15 = 4(n − 1) − 11. For
i ∈ {1, 2}, by Lemma 2.2, Gi contains two components, one is either a singleton or an edge,
and the other is a larger component connecting to AGJn − FJ . Thus, c(Gi) = 2 for i = 1, 2 and
c(H) 6 c(G1) + c(G2)− 2 = 2.
Case 3: |I| = 3. Without loss of generality, assume I = {1, 2, 3}. Since |F | 6 6n − 17
and fi > 2n − 6 for i ∈ I, it implies fi 6 |F | − fj − fk 6 (6n − 17) − 2(2n − 6) = 2n − 5
where j, k ∈ I \ {i} with j 6= k. Since fi 6 2n − 5 < 4(n − 1) − 11 for n > 6, by Lemma 2.2,
for each i ∈ I, Gi contains two components, one is a singleton, say vi, and the other is a
larger component connecting to AGJn − FJ . If {v1, v2, v3} is an independent set of AGn, by
Lemma 2.6(1), |F | > N({v1, v2, v3}) > 6n − 16, a contradiction. Thus, at least two vertices of
v1, v2 and v3 are connected, which implies c(H) 6 2. 
Lemma 3.5. κ5(AG5) > 16.
Proof. Let F be a vertex-cut of AG5 with |F | 6 15. Since each subgraph AGi5 is isomorphic
to AG4, we have κ(AG
i
5) = 4. If |I| > 4, then |F | > 4|I| > 16, a contradiction. Thus, |I| 6 3.
By the definition of J , Gj is connected for j ∈ J . If I = ∅, then J = Z5. Through an argument
similar to Lemma 3.3, we have AG5−F is connected, a contradiction. So, 1 6 |I| 6 3. Let H be
the union of components of AG5−F such that all vertices of H are contained in
⋃
i∈I V (Gi). We
claim that AGJ5 − FJ is connected and c(H) 6 3. Thus, counting together with the component
that contains AGJ5 − FJ as a subgraph, AG5 − F contains c(H) + 1 6 4 components and the
result follows. We now prove our claim by the following three cases:
Case 1: |I| = 1. Without loss of generality, assume I = {1}. In this case, G1 is disconnected
and f1 > κ(AG15) = 4. By Lemma 2.1(1), since |FJ | = |F | − f1 6 15 − 4 = 11 < 2 × (5 − 2)!,
every Gi for i ∈ J is connected to at least two subgraphs Gj and Gk for j, k ∈ J \ {i}. This
further implies that AGJ5 − FJ is connected. By the definition of H, we have V (H) ⊆ V (G1)
and H is not connected to AGJ5 − FJ . Since by Lemma 2.1(2) every vertex of H has exactly
two faulty out-neighbors in FJ , 2|V (H)| 6 |FJ | 6 11, which implies |V (H)| 6 5. If |V (H)| = 5,
then |F | − f1 = |FJ | > 2|V (H)| = 10. It follows that f1 6 |F | − 10 6 15− 10 = 5 = 4× 4− 11.
By Lemma 2.2, G1 has two components, and thus c(H) 6 c(G1) = 2. If |V (H)| = 4, then
c(H) 6 3. Otherwise, H contains four singletons (i.e., an independent set of four vertices), and
by Lemma 2.6(1), |F | > |NAG5(V (H))| > 8× 5− 24 = 16, a contradiction. Also, if |V (H)| 6 3,
it is clear that c(H) 6 |V (H)| 6 3.
Case 2: |I| = 2. Without loss of generality, assume I = {1, 2} and f1 > f2. Then, both G1
and G2 are disconnected graphs and f1 > f2 > 4. By Lemma 2.1(1), since |FJ | = |F |−f1−f2 6
15− 8 = 7 < 3(5− 2)!, AGJ5 − FJ is connected. There are three subcases as follows:
Case 2.1: f1, f2 ∈ {4, 5}. Through an argument similar to Case 2.1 in Lemma 3.3, we know
the result holds.
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Case 2.2: f1 > 6 and 4 6 f2 6 5. Then |FJ | = |F | − f1 − f2 6 15 − 6 − 4 = 5. Since
|FJ | 6 5, we have |V (H)| 6 5. If |V (H)| = 5, then f1 = 6 and f2 = 4. We claim c(H) = 2 6 3.
For i ∈ {1, 2}, let Hi ⊆ H be the set of components such that all vertices of Hi are contained
in Gi. By Lemma 3.2 and f1 = 6 < κ4(AG4) = 8, G1 has at most three components and
c(H1) 6 2. By Lemma 2.2, G2 has two components, one of which is a singleton or a four
cycle and c(H2) = 1. It implies that c(H) 6 3. If |V (H)| = 4, then c(H) 6 3. Otherwise,
H contains four singletons (i.e., an independent set of four vertices), and by Lemma 2.6(2),
|F | > |NAG5(V (H))| > 8 × 5 − 24 = 16, a contradiction. Also, if |V (H)| 6 3, it is clear that
c(H) 6 |V (H)| 6 3.
Case 2.3: f1, f2 > 6. Then |FJ | = |F |−f1−f2 6 15−6−6 = 3. This implies that c(H) 6 3.
Case 3: |I| = 3. Without loss of generality, assume I = {1, 2, 3} and f1 > f2 > f3. Since
|F | 6 15 and fi > 4 for i ∈ I, it implies |FJ | = |F | − f1 − f2 − f3 6 15 − 3 × 4 = 3. By
Lemma 2.1(1), AGJ5 − FJ is connected. Also, we have fi 6 |F | − fj − fk 6 15 − 4 − 4 = 7
for each i ∈ I where j, k ∈ I \ {i} with j 6= k. There is at most one i ∈ I such that fi > 6.
Otherwise, |F | > f1 + f2 + f3 > 16 > 15, a contradiction. We consider the following cases.
Case 3.1: 4 6 f3 6 f2 6 f1 6 5. For i ∈ {1, 2, 3}, by Lemma 3.1 and fi 6 5 < κ3(AG4) = 6,
Gi has two components and c(Hi) = 1. It implies that c(H) 6 3.
Case 3.2: 6 6 f1 6 7 and 4 6 f3 6 f2 6 5. For i ∈ {2, 3}, by Lemma 3.1 and fi 6 5 <
κ3(AG4) = 6, Gi has two components and c(Hi) = 1. By Lemma 3.2 and f1 6 7 < κ4(AG4) = 8,
G1 has at most three components and c(H1) 6 2. Thus, c(H) 6 4. We claim c(H) 6 3. Suppose
not and let Hi for i = 1, 2, 3, 4 be components of H. Let vi ∈ V (Hi) for i ∈ {1, 2, 3, 4}. Since
Hi and Hj are not connected in H for any i, j ∈ {1, 2, 3, 4} with i 6= j, {v1, v2, v3, v4} is an
independent set of AG5. Clearly, NAG5(V (Hi)) is a vertex-cut of AG5 for each i ∈ {1, 2, 3, 4}.
Since AG5 is hyper-connected, |NAG5(V (Hi))| > κ(AG5) = |NAG5(vi)|. By Lemma 2.6(2),
|F | > |NAG5(V (H1) ∪ V (H2) ∪ V (H3) ∪ V (H4))| > |NAG5({v1, v2, v3, v4})| > 8× 5− 24 = 16, a
contradiction. 
Lemma 3.6. For n > 5, κ5(AGn) = 8n− 24.
Proof. For n > 5, the upper bound κ5(AGn) 6 8n − 24 can be acquired from Remark 2.1(2)
by considering the removal of N({v0, v1, v2, v3}), where {v0, v1, v2, v3} is an independent set of
AGn and |N({v0, v1, v2, v3})| = 8n− 24. Thus, the resulting graph has five components, four of
which are singletons. Lemma 3.5 proves the lower bound κ5(AGn) > 8n− 24 for n = 5, and we
now consider n > 6 as follows.
Let F be any vertex-cut of AGn such that |F | 6 8n−25. Lemma 2.5 shows that the removal
of a vertex-cut with no more than 8n− 29 vertices in AGn results in a disconnected graph with
at most four components. To complete the proof, we need to show that the same result holds
when 8n − 28 6 |F | 6 8n − 25. Recall I = {i ∈ Zn : Gi is disconnected} and J = Zn \ I.
By definition, Gj is connected for all j ∈ J . Since |F | 6 8n − 25 < (n − 2)! when n > 6,
AGJn − FJ remains connected for arbitrary J . Since AGin is isomorphic to AGn−1, we have
κ(AGin) = 2n − 6. If |I| > 4, then |F | > |I| × (2n − 6) > 8n − 24 > 8n − 25, a contradiction.
Also, if I = ∅, then AGn − F is connected, a contradiction. Thus, 1 6 |I| 6 3. Let H be the
union of components of AGn − F such that all vertices of H are contained in
⋃
i∈I V (Gi). In
the following, we will show that c(H) 6 3. Thus, counting together with the component that
contains AGJn − FJ as a subgraph, AGn − F contains c(H) + 1 6 4 components. We consider
the following three cases:
Case 1: |I| = 1. Without loss of generality, assume I = {1}. In this case, V (H) ⊆ V (G1).
We analyze the number of faulty vertices of FJ as follows.
13
Case 1.1: |FJ | 6 11. Since every vertex of H has exactly two faulty out-neighbors in FJ
by Lemma 2.1(2), 2|V (H)| 6 |FJ | 6 11, which implies |V (H)| 6 5. If |V (H)| = 5, then
c(H) 6 3. Otherwise, H contains five singletons or three singletons and an edge. If V (H) =
{v1, v2, v3, v4, v5} = H ′ ∪ {v5}, where H ′ = {v1, v2, v3, v4}, by Lemma 2.6(2), |NAGn(V (H))| =
|NAGn(H ′)|+ |NAGn(v5)|−|NAGn(H ′)∩NAGn(v5)| > (8n−24)+(2n−4)−2(4×1) = 10n−36 >
8n−25 for n > 6, a contradiction. Now we assume V (H) = {v1, v2, v3, u, w} = H ′∪{u,w}, where
H ′ = {v1, v2, v3, } and (u,w) is an edge. Then, by Lemma 2.6(1), |NAGn(V (H))| = |NAGn(H ′)|+
|NAGn({u,w})|−|NAGn(H ′)∩NAGn({u,w})| > (6n−16)+2(2n−4)−2(3×2) = 10n−36 > 8n−25
for n > 6, a contradiction. If |V (H)| = 4, then c(H) 6 3. Otherwise, H contains four singletons
(i.e., an independent set of four vertices), and by Lemma 2.6(2), |F | > |NAGn(V (H))| > 8n−24,
a contradiction. Also, if |V (H)| 6 3, it is clear that c(H) 6 |V (H)| 6 3.
Case 1.2: |FJ | > 12. Since F1 is a vertex-cut of AG1n and f1 = |F |− |FJ | 6 (8n−25)−12 =
8(n − 1) − 29, by Lemma 2.5, G1 contains at most four components in which the largest
component is connected to AGJn − FJ . Thus, c(G1) 6 4 and c(H) = c(G1)− 1 6 3.
Case 2: |I| = 2. Without loss of generality, assume I = {1, 2} and f1 > f2. Since
|F | 6 8n − 25 and fi > 2n − 6 for i ∈ I, it implies fi 6 |F | − fj 6 6n − 19 where j ∈ I \ {i}
with j 6= i. We consider the following subcases:
Case 2.1: 2n − 6 6 f2 6 f1 6 4n − 15 = 4(n − 1) − 11. For i ∈ {1, 2}, by Lemma 2.2,
Gi contains two components, one is either a singleton or an edge, and the other is a larger
component connecting to AGJn−FJ . Thus, c(Gi) = 2 for i = 1, 2 and c(H) 6 c(G1)+c(G2)−2 =
2.
Case 2.2: 2n − 6 6 f2 6 4n − 15 and 4n − 14 6 f1 6 6n − 19. Since f2 6 4n − 15 =
4(n − 1) − 11, by Lemma 2.2, G2 contains two components, one is either a singleton or an
edge, and the other is a larger component connecting to AGJn − FJ . Thus c(G2) = 2. If
4n − 14 6 f1 6 6n − 23, by Lemma 3.4, f1 < 6(n − 1) − 16 = κ4(AGn−1), and thus G1
contains at most three components and the largest component is connected to AGJn − FJ .
Thus, c(G1) 6 3 and c(H) 6 c(G1) + c(G2) − 2 6 3. If 6n − 22 6 f1 6 6n − 19, then
|FJ | = |F | − f1 − f2 6 (8n− 25)− (6n− 22)− (2n− 6) = 3. By Lemma 2.1(2), every vertex of
H has at least one faulty out-neighbor in FJ . Thus, c(H) 6 |V (H)| 6 |FJ | 6 3.
Case 2.3: 4n − 14 6 f2 6 f1 6 6n − 19. In this case, |FJ | = |F | − fi − f2 6 (8n − 25) −
2(4n − 14) = 3. By Lemma 2.1(2), every vertex of H has at least one faulty out-neighbor in
FJ . Thus, c(H) 6 |V (H)| 6 |FJ | 6 3.
Case 3: |I| = 3. Without loss of generality, assume I = {1, 2, 3} and f1 > f2 > f3. Since
|F | 6 8n−25 and fi > 2n−6 for i ∈ I, it implies fi 6 |F |−fj−fk 6 (8n−25)−2(2n−6) = 4n−13,
where j, k ∈ I \ {i} with j 6= k. We consider the following subcases:
Case 3.1: fi 6 4n − 16 < 4(n − 1) − 11 for each i ∈ I. By Lemma 2.2, Gi contains two
components, one is a singleton, and the other is a larger component connecting to AGJn − FJ ,
and thus c(Gi) = 2. So c(H) 6 c(G1) + c(G2) + c(G3)− 3 = 3× 2− 3 = 3.
Case 3.2: f3 6 f2 6 4n − 16 < f1 6 4n − 13. In this case, each of Gi for i = 2, 3 contains
two components, one is a singleton, say vi, and the other is a larger component connecting to
AGJn − FJ . Thus c(G2) = c(G3) = 2. Since f1 6 4n− 13 6 6n− 25 = 6(n− 1)− 19 for n > 6,
by Lemma 2.4, G1 contains either two components, or three components and two of which are
singletons, say v1 and v
′
1. Since the largest component of G1 is connected to AG
J
n − FJ , if
c(G1) = 2, then c(H) 6 c(G1) + c(G2) + c(G3) − 3 = 3 × 2 − 3 = 3. On the other hand,
if {v1, v′1, v2, v3} is an independent set of AGn, by Lemma 2.6(2), |F | > N({v1, v′1, v2, v3}) >
8n−24, a contradiction. Thus, there exists at least one of edges (v1, v2), (v1, v3), (v′1, v2), (v′1, v3)
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and (v2, v3) in AGn, which implies c(H) 6 3.
Case 3.3: f3 6 4n − 14 6 f2 6 f1 6 4n − 13. Clearly, f3 6 |F | − f1 − f2 6 (8n − 25) −
2(4n− 14) = 3 < 2n− 6 for n > 6, a contradiction.
Case 3.4: 4n−14 6 f3 6 f2 6 f1 6 4n−3. Clearly, f1+f2+f3 > 3(4n−14) > 8n−25 > |F |
when n > 6, a contradiction. 
Proof of Theorem 1. The result directly follows from Lemmas 3.1, 3.4 and 3.6. 
4 The `-component connectivity of S2n for ` ∈ {3, 4, 5}
Lemma 4.1. For n > 4, κ3(S2n) = 4n− 8.
Proof. By Lemma 2.8, if F is a vertex-cut with |F | 6 4n − 9, then AGn − F has exact two
components. Thus, κ3(S
2
n) > 4n−8. The upper bound κ3(S2n) 6 4n−8 can be proved using an
argument similar to Lemma 3.1 by considering that very vertex of S2n has 2n− 3 neighbors. 
Lemma 4.2. κ4(S
2
4) > 10 and κ5(S24) > 12.
Proof. Using the notations established earlier, S24 contains two copies of AG4, say S
2
4,E and
S24,O, respectively. Let F be any vertex-cut of S
2
4 . Let FO = F ∩V (S24,O) and FE = F ∩V (S24,E).
Let H = HO ∪HE be the union of small components of S2n − F , where HO and HE are the set
of components such that their vertices are contained in S2n,O and S
2
n,E , respectively.
We first prove κ4(S
2
4) > 10 by showing that if |F | 6 9, then c(H) 6 3. Note that there
are 4!2 = 12 > |F | matching edges between S24,O and S24,E . If both S24,O − FO and S24,E − FE
are connected, then so is S24 − F , a contradiction. Next, we consider only one of S24,O − FO
and S24,E − FE is connected. Without loss of generality, assume S24,O − FO is connected. Then
4 = κ(AG4) 6 |FE | 6 9. By Lemma 3.2, if 4 6 |FE | 6 7 < 8 = κ4(AG4), then S24,E − FE has
at most three components, and thus c(HE) 6 2. Since 4!2 = 12 > |F |, the largest component of
S24,E − FE is connected to S24,O − FO, and it leads to c(H) = c(HE) 6 2. Also, if 8 6 |FE | 6 9,
then |FO| 6 1. Since there are 4!2 = 12 matching edges between S24,O and S24,E , every component
of size at least 2 in S24,E − FE is part of the component in S24 − F containing S2n,O − FO, and
at most one vertex in S24,E − FE is not part of this component containing S24,O − FO. Thus,
|V (HE)| 6 1 and c(H) 6 |V (HE)| 6 1. We now consider both S24,O − FO and S24,E − FE are
disconnected. Without loss of generality, assume |FO| > |FE | > 4. Since |F | 6 9, it implies
4 6 |FE | 6 |FO| 6 5. By Lemma 2.2, each of S24,O − FO and S24,E − FE has two components.
Thus, c(HO) = c(HE) = 1. Since the largest component of S
2
4,E−FE is connected to S24,O−FO,
it leads to c(H) 6 c(HO) + c(HE) = 2.
Next, we prove κ5(S
2
4) > 12 by showing that if |F | 6 11, then c(H) 6 4. Note that there
are 4!2 = 12 > |F | matching edges between S24,O and S24,E . If both S24,O − FO and S24,E − FE
are connected, then so is S24 − F , a contradiction. Next, we consider only one of S24,O − FO
and S24,E − FE is connected. Without loss of generality, assume S24,O − FO is connected. Then
4 = κ(AG4) 6 |FE | 6 11. If 4 6 |FE | 6 7 < 8 = κ4(AG4), we can show that c(H) 6 2 through
a similar discussion as above. So we assume 8 6 |FE | 6 11, and this implies |FO| 6 3. Since
there are 4!2 = 12 matching edges between S
2
4,O and S
2
4,E , every component of size at least 4
in S24,E − FE is part of the component in S24 − F containing S2n,O − FO, and at most three
vertex in S24,E−FE is not part of this component containing S24,O−FO. Thus, |V (HE)| 6 3 and
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c(H) 6 |V (HE)| 6 3. We now consider both S24,O−FO and S24,E−FE are disconnected. Without
loss of generality, assume |FO| > |FE | > 4. Since |F | 6 11, it implies 4 6 |FE | 6 |FO| 6 7 and
at most one i ∈ {E,O} such that |Fi| > 6. If 4 6 |FE | 6 |FO| 6 5, we can show that c(H) 6 2
through a similar discussion as above. Finally, we consider 6 6 |FO| 6 7 and 4 6 |FE | 6 5. By
Lemma 3.2, 6 6 |FO| 6 7 < 8 = κ4(AG4) implies that S24,O −FO has at most three components
and c(HO) 6 2. Also, by Lemma 2.2, 4 6 |FE | 6 5 implies that S24,E − FE has two components
and c(HE) = 1. Since the largest component of S
2
4,E−FE is connected to the largest component
of S24,O − FO, we have c(H) 6 c(HE) + c(HO) 6 3. 
Lemma 4.3. For n > 4, κ4(S2n) = 6n− 14.
Proof. For n > 4, the upper bound κ4(S2n) 6 6n− 14 can be acquired from Lemma 2.11(2) by
considering the removal of NS2n({v1, v2, v3}) where {v1, v2, v3} is an independent set of S2n, and
thus the resulting graph has four components, three of which are singletons. By Lemma 4.2,
we know κ4(S
2
4) > 10 = 6 × 4 − 14. So we prove the lower bound κ4(S2n) > 6n − 14 for n > 5
as follows. Recall that S2n contains two copies of AGn, say S
2
n,E and S
2
n,O, respectively. Let
F be any vertex-cut of S2n such that |F | 6 6n − 15. Lemma 2.9 shows that the removal of a
vertex-cut with no more than 6n − 17 vertices in S2n results in a disconnected graph with at
most three components. To complete the proof, we need to show that the same result holds
when 6n− 16 6 |F | 6 6n− 15.
Let FO = F ∩ V (S2n,O) and FE = F ∩ V (S2n,E). Let H = HO ∪ HE be the union of small
components of S2n − F , where HO and HE are the set of components such that their vertices
are contained in S2n,O and S
2
n,E , respectively. Without loss of generality, assume |FO| > |FE |.
Since 2(4n− 11) > 6n− 15 for n > 5, we consider the following two cases.
Case 1: |FE | 6 |FO| 6 4n − 12. By Lemma 2.2, S2n,O − FO (resp., S2n,E − FE) either is
connected or has two components, one of which is a singleton. Let BO (resp., BE) be the largest
component of S2n,O −FO (resp., S2n,E −FE). Since n!2 − (6n− 15)− 2 > 0 for n > 5, BO and BE
belong to the same component in S2n − F . Note that F is a vertex-cut of S2n, the singletons in
S2n,O − FO and S2n,E − FE can remain singleton or for two of them to form an edge in S2n − F .
Thus, S2n − F has at most three components, i.e. c(H) 6 2. The result holds.
Case 2: 4n−11 6 |FO| 6 6n−15. It implies that |FE | 6 (6n−15)−(4n−11) 6 2n−4. Note
that S2n,E is isomorphic to AGn and 2n− 4 6 4n− 12 for n > 5, by Lemma 2.2, so S2n,E − FE
either is connected or has two components, one of which is a singleton. Thus V (HE) 6 1 and
c(HE) 6 1. If S2n,O − FO is connected, note that n!2 − (6n− 15)− 1 > 0 for n > 5, then S2n − F
has two components, one of which is a singleton. The result holds in this case. In the following,
we assume that S2n,O − FO is disconnected, and consider the following cases:
Case 2.1: 6n − 18 6 |FO| 6 6n − 15. It implies |FE | 6 (6n − 15) − (6n − 18) = 3, and
thus S2n,E − FE is connected. Note that there are n!2 matching edges between S2n,O and S2n,E .
Since |FE | 6 3, every component of size at least 4 in S2n,O − FO is part of the component in
S2n − F containing S2n,E − FE , and at most three vertices in S2n,O − FO are not part of this
component containing S2n,E − FE . Thus, |V (HO)| 6 3 and |V (H)| = |V (HO)| + |V (HE)| 6 4.
If |V (H)| = 4, then c(H) 6 2. Otherwise, H contains four singletons or two singletons and an
edge. If H contains four singletons, by Lemma 2.11, |NS2n(H)| > 8n− 20 > 6n− 15 for n > 5,
a contradiction. Now we assume that V (H) = {v1, v2, u, w} = H ′ ∪{u,w}, where H ′ = {v1, v2}
and (u,w) is an edge. Then, by Lemma 2.11(1) and Lemma 2.7(3), |NS2n(V (H))| = |NS2n(H ′)|+
|NS2n({u, v})| − |NS2n(H ′)∩NS2n({u, v})| > (4n− 8) + 2(2n− 3)− 2× 3 = 8n− 20 > 6n− 15 for
n > 5, a contradiction. If |V (H)| = 3, then c(H) 6 2. Otherwise, H contains three singletons,
and by Lemma 2.11(2), |F | > |NS2n(V (H))| > 6n− 14, a contradiction. Also, if |V (H)| 6 2, it
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is clear that c(H) 6 |V (H)| 6 2.
Case 2.2: 4n − 11 6 |FO| 6 6n − 19. It implies |FE | 6 (6n − 15) − (4n − 11) = 2n − 4,
and thus S2n,E − FE is connected. By Lemma 2.4, S2n,O − FO either has two components,
one of which is a singleton, an edge or a 2-path, or has three components, two of which are
singletons. Let C be the largest component of S2n,O − FO. Since n!2 − (6n − 15) − 3 > 0 for
n > 5, C is part of the component in S2n − F containing S2n,E − FE . Thus, |V (HO)| 6 3 and
|V (H)| = |V (HO)|+ |V (HE)| 6 4. Then, through a similar argument in the above case, we can
show that c(H) 6 2. 
Lemma 4.4. For n > 4, κ5(S2n) = 8n− 20.
Proof. For n > 4, the upper bound κ5(S2n) 6 8n − 20 can be acquired from Lemma 2.11 by
considering the removal of NS2n({v1, v2, v3, v4}) where {v1, v2, v3, v4} is an independent set of S2n,
and thus the resulting graph has five components, four of which are singletons. By Lemma 4.2,
we know κ5(S
2
4) > 12 = 8 × 4 − 20. So we prove the lower bound κ5(S2n) > 8n − 20 for n > 5
as follows. Let F be any vertex-cut of S2n such that |F | 6 8n − 21. Lemma 2.10 shows that
the removal of a vertex-cut with no more than 8n− 25 vertices in S2n results in a disconnected
graph with at most four components. To complete the proof, we need to show that the same
result holds when 8n− 24 6 |F | 6 8n− 19.
Let FO = F ∩ V (S2n,O) and FE = F ∩ V (S2n,E). Let H = HO ∪ HE be the union of small
components of S2n − F , where HO and HE are the set of components such that their vertices
are contained in S2n,O and S
2
n,E , respectively. Without loss of generality, assume |FO| > |FE |.
Since 2(6n− 19) > 8n− 21 for n > 5, we consider the following cases.
Case 1: |FE | 6 |FO| 6 4n − 12. By Lemma 2.2, S2n,O − FO (resp., S2n,E − FE) either is
connected or has two components, one of which is a singleton. Since n!2 − (8n− 21)− 2 > 0 for
n > 5, a proof similar to Case 1 in Lemma 4.3 can show that c(H) 6 2.
Case 2: 4n − 11 6 |FE | 6 |FO| 6 6n − 20. By Lemma 2.3, S2n,O − FO (resp., S2n,E − FE)
has at most three components, and |V (HO)| 6 2 (resp., |V (HE)| 6 2). Thus, |V (H)| 6 4.
Since n!2 − (8n− 21)− 4 > 0 for n > 5, the largest component of S2n,O − FO is connected to the
largest component of S2n,E − FE . If |V (H)| = 4, then c(H) 6 3. Otherwise, by Lemma 2.11(3),
|NS2n(H)| > 8n − 20 > 8n − 21 for n > 5, a contradiction. Also, if |V (H)| 6 3, it is clear that
c(H) 6 |V (H)| 6 3.
Case 3: 6n−19 6 |FO| 6 8n−21. In this case, |FE | 6 8n−21−(6n−19) = 2n−2 6 4n−12.
By Lemma 2.2, S2n,E − FE has at most two components and |V (HE)| 6 1. Thus c(HE) 6 1.
If S2n,O − FO is connected, note that n!2 − (8n − 21) − 1 > 0 for n > 5, then S2n − F has two
components, one of which is a singleton. The result holds in this case. In the following, we
assume that S2n,O − FO is disconnected, and consider the following cases:
Case 3.1: 8n − 24 6 |FO| 6 8n − 21. It implies |FE | 6 (8n − 21) − (8n − 24) = 3, and
thus S2n,E − FE is connected. Then a proof similar to Case 2.1 in Lemma 4.3 can show that
|V (H)| 6 4. If |V (H1)| = 4, then c(H) 6 3. Otherwise, H1 contains four singletons, and by
Lemma 2.11, |F | > |NS2n(V (H))| > 8n − 20, a contradiction. Also, if |V (H)| 6 3, it is clear
that c(H) 6 |V (H)| 6 3.
Case 3.2: 6n− 19 6 |FO| 6 8n− 25. By Lemma 3.6, κ5(AGn) = 8n− 24. Since 6n− 19 6
|FO| 6 8n− 25 < 8n− 24, S2n,O − FO has at most four components and c(HO) 6 3. As before,
the largest component of S2n,O − FO is connected to the largest component of S2n,E − FE . It
implies that c(H) 6 c(HO) + c(HE) 6 4. 
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Proof of Theorem 2. The result directly follows from Lemmas 4.1, 4.3 and 4.4. 
5 Concluding remarks
In this paper, we study the `-component connectivity of alternating group graphs and split-
stars. For alternating group graphs, we obtain the results: κ3(AGn) = 4n− 10 and κ4(AGn) =
6n − 16 for n > 4, and κ5(AGn) = 8n − 24 for n > 5. For split-stars, we obtain the results:
κ3(S
2
n) = 4n − 8 for n > 4, and κ4(S2n) = 6n − 14 and κ5(S2n) = 8n − 20 for n > 5. So far the
problem of determining κ`(AGn) and κ`(S
2
n) for ` > 6 are still open.
Fa`brega and Fiol [21] introduced another evaluation of the reliability for interconnection
networks. Given a graph G and a nonnegative integer h, the h-extra connectivity of G, denoted
by κ(h)(G), is the cardinality of a minimum vertex-cut S of G, if it exists, such that each
component of G−S has at least h+1 vertices. In fact, the extra connectivity plays an important
indicator of a network’s ability for diagnosis and fault tolerance [22, 26, 30, 31]. Currently, the
known results of h-extra connectivity for alternating group graphs and split-stars were proposed
in [31] and [30], respectively. The following table compares the two types of connectivities for
alternating group graphs and split-stars. From this table, it seems that κ`(G) and κ
(`−2)(G) have
strongly close relationship for a network G. Based on the current resultst κ`(G) > κ
(`−2)(G)
for G ∈ {AGn, S2n} and ` ∈ {3, 4, 5}, finding κ`(G) needs more analyses than that of κ(`−2)(G).
An interesting question is that does the relation always hold for larger `?
Graph classes h-extra connectivity Ref. `-component connectivity Ref.
κ(1)(AGn) = 4n− 11 for n > 5 κ3(AGn) = 4n− 10 for n > 4
AGn κ
(2)(AGn) = 6n− 19 for n > 5 [31] κ4(AGn) = 6n− 16 for n > 4
κ(3)(AGn) = 8n− 28 for n > 5 κ5(AGn) = 8n− 24 for n > 5 this
κ(1)(S2n) = 4n− 9 for n > 4 κ3(S2n) = 4n− 8 for n > 4 paper
S2n κ
(2)(S2n) = 6n− 16 for n > 4 [30] κ4(S2n) = 6n− 14 for n > 4
κ(3)(S2n) = 8n− 24 for n > 4 κ5(S2n) = 8n− 20 for n > 4
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